COMPARISON OF PRISMATIC COHOMOLOGY AND DERIVED DE RHAM
COHOMOLOGY

SHIZHANG LI AND TONG LIU

ABsTrRACT. We establish a comparison isomorphism between prismatic cohomology and derived de Rham
cohomology respecting various structures, such as their Frobenius actions and filtrations. As an application,
when X is a proper smooth formal scheme over O with K being a p-adic field, we improve Breuil-Caruso’s
theory on comparison between torsion crystalline cohomology and torsion étale cohomology.
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2 SHIZHANG LI AND TONG LIU

1. INTRODUCTION

Let k be a perfect field of characteristic p > 0 and K a totally ramified degree e field extension of W (k)[1/p].
Fix an algebraic closure K of K, denote its p-adic completion by C, and use O¢ to denote its ring of integers.
Let X be a smooth proper formal scheme over O with (rigid analytic) geometric generic fiber X5. Write
X, =X Xz Z/p"Z. Starting from [FM87] and [Kat87], lots of efforts have been made in investigating the
relationship between the crystalline cohomology (and other variants) and the étale cohomology attached to X.

When e = 1, it is proved by Fontaine-Messing ([FEMS87]) and Kato ([Kat87]) that if X is a propeIH smooth
scheme over O = W (k), then H (X,,/W,(k)) admits a Fontaine-Laffaille module structure when i <p—1
and the functor Ti,ys on the category of Fontaine-Laffaille modules (from Fontaine-Laffaille theory) satisfies
Terys(Hepyo (X0 /Wi (K))) ~ H (X5, Z/p"Z) as G g-modules when i < p — 2.

When e > 1, more complicated base ring has to be introduced. Fix a uniformizer 7 of K and E = E(u) €
W (k)[u] the Eisenstein polynomial of . Let S be the p-adic completion of the PD envelope of W (k)[u] for

the ideal (E). Note that S admits:

e a Frobenius action ¢ : S — S which extends the Frobenius ¢ on W (k) and satisfies ¢(u) = u?;
e a filtration Fil* S which is the p-complete i-th PD ideal; and
e a monodromy operator N : S — S via N(f(u)) = %(fu).

In [Bre98], Breuil introduced the notion of a Breuil module to describe the structure of H, (X,,/S,), and
constructed a functor T , from the category of Breuil modules to the category of Z,-representations of
Gk . Here, a Breuil module is a datum consisting of a finite S-module M together with a one-step filtration
Fil® M c M, a “divided Frobenius” ©n - Fil® M — M, and a monodromy operator N : M — M which
satisfies some conditions given in §6.3}

Following ideas of Breuil, Caruso proved the following.

Theorem 1.1 ([Car08]). Let X be a proper semi-stable scheme over Ok . Then its log-crystalline cohomology
Hi ; crye(Xn/Sn) has a Breuil module structure and Ty «(Hi,, oy (Xn/Sn)) =~ Hi (X5, Z/p"Z) (i) as G-

modules fore(i+1) <p—1ifn>1andei<p—1 forn=1.

As new cohomology theories have been introduced in [BMS18|, [BMS19] and [BS19], it is natural to ask
whether these new cohomology theories can recover the aforementioned results due to Fontaine—Messing,
Breuil, and Caruso, and hopefully even improve these results. In this paper, we use these new cohomology
theories, in particular, prismatic cohomology and derived de Rham cohomology, to study torsion crystalline
cohomology, torsion étale cohomology, and their relationship. We obtain the following result:

Theorem 1.2. Let X be a smooth proper formal scheme over Og with geometric generic fiber X, and
let i be an integer satisfying ei < p — 1. Then H!_ (X,/S,) has a structure of Breuwil modules and

crys

Tit s (Hérys(Xn/Sn)) ~ H, (X7, Z/p"Z) (i) as Z,|Gk|-modules.

Here the additional data of the Breuil module structure is roughly given by the following:
o the filtration is given by the cohomology of the PD powers of a natural PD ideal sheaf Z.,ys on the
crystalline site H? (Xn/Sn,I([;@,S);

crys
e the NV is a disguise of the connection given by the crystal nature of crystalline cohomology; and
e the divided Frobenius is induced by a natural map of (quasi-)syntomic sheaves.

i

From now on, when we talk about Hg,

data.

(Xn/Sn), we always implicitly think of it carrying these additional

Remark 1.3.

(1) Let us highlight the difference between Caruso’s results and our theorem above.
(a) The X in our theorem is a smooth proper formal scheme over Ok, whereas the X in [Car(8] is a
semi-stable Og-model of a smooth proper K-variety.
(b) Our restriction on e and 4 is ei < p — 1 for any n while the restriction in [Car(8] is e < p — 1 for
n=1ande(i+1) <p—1forn>1.

1Projective in Kato’s paper.
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(2) We actually use another functor T relating torsion crystalline and étale cohomology in the above
theorem. But Ts and Ty , are essentially the same. See

Now let us discuss the strategy of this paper to see how prismatic cohomology and (derived) de Rham
cohomology come into the picture. Let & = W(k)[u] equipped with the Frobenius morphism ¢ extending
(arithmetic) Frobenius ¢ on W (k) and ¢(u) = wP. Then (&, (E)) is the so-called Breuil-Kisin prism.
Classically, an (étale) Kisin module of height h is a finite u-torsion free G-module 9, together with a
semi-linear map wox : M — M so that the cokernel of 1 ® pon: G ®, e M — M is killed by E". By definition,
"M = 6 ®y, ¢ M admits a Breuil-Kisin (BK) filtration Fil" o*0 == (1 ® pop) " L(E"MN), which plays an
important technical role later. It is well-known that Kisin module theory is a powerful tool in abstract integral
p-adic Hodge theory: the study of Z,-lattices in crystalline (semi-stable) representations and their modulo
p"-representations, which can been seen as the arithmetic counterpart of H, (X7, Z,,) and H (X7, Z/p"Z).
Also the relationship between Kisin modules, Galois representations and Breuil modules are known in the
abstract theory. In particular, the functor M: 9 — M(M) = S ®, e M sends a Kisin module M of height
h < p—1 to a Breuil module (without N-structures) where

Film M(9M) := {2 € M(OM)|(1 @ pon)(z) € Fil" S @¢ M} € M(IN)
and @y,: Fil" M) 25" Fil" § 0 M 28 S ®,6 M = M(IM) where ¢, : Fil" § — S is defined by

on(r) = KZZ) See for more details.
p

It turns out that prismatic cohomology H (X/&) gives geometric realizations of Kisin modules, in the
sense that H* (X/&) modulo its u>-torsion submodule is an étale Kisin module of height i (see and

the discussion below for more details). Suggested by the functor M in the abstract theory, one naturally
expects the following comparison between Breuil-Kisin prismatic cohomology and crystalline cohomology:

(1.4) R (X/6) ®¢ , S~ Rlays(X/S).

This comparison follows from [BS19, Theorem 5.2] and base change of prismatic cohomology. This is pointed
out to us by Koshikawa.
Inspired by the above discussion, we show in this paper the following comparison result:

Theorem 1.5 (see Theorem [3.5] and Theorem B.11)). Let (A,I) be a bounded prism, and let X be a smooth
proper (p-adic) formal scheme over Spf(A/I). Then we have a functorial isomorphism

Rl (X/A) &Y ,, A®% dR{4,1)4 = RI(X,dR" ),
which is compatible with base change in the prism (A, ).

Here dR” /4 denotes the (relative to A) p-adic derived de Rham complex introduced by Illusie in [TII72]
Chapter VIII] and studied extensively by Bhatt in [Bhal2|. In fact, when A/ is p-torsion free, this is known
due to [BS19, Theorem 5.2]. Our proof follows closely the proof of crystalline comparison in [BS19].

As a consequence, the above gives several comparison results, all of which were known due to work of
Bhatt, Morrow, and Scholze [BMSIS], [BMS19], [BS19].

Example 1.6. By [Bhal2, Theorem 3.27|, we know that when A/I is p-torsion free, the derived de Rham
complex appearing above is given by certain crystalline cohomology. With this being said, we can explain
what the above comparison gives in concrete situations.

(1) BMS2/Breuil-Kisin prism: when (A, I) = (&, (E)), then the above comparison becomes Equation (|1.4))
which, as mentioned above, was obtained in [BS19]. As a consequence, we see that Breuil’s crystalline

cohomology groups He,.o (X /S) are finitely presented S-module, see Proposition To the best of
our knowledge, coherence of S is unknown, and we are unaware of any other means showing that these
cohomology groups are finitely presented. We thank Bhatt for pointing out this application to us.

(2) BMSI: when (A, I) = (Ains, ker(0)) is the perfect prism associated with O¢, then the above comparison
says

RT (X/Ainf) ®a Ainf ®a Acrys = RFcrys(X/Ainf)'

inf,¥

inf
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Recall [BS19, Theorem 17.2] states that the first base change of the left hand side gives the Aj,¢-
cohomology theory constructed in [BMSI8|. Then our comparison here becomes the one established
by [BMS18| Theorem 1.8.(iii)] (see also [Yaol9]).

(3) PD prism: suppose I C A admits a PD structure v. Then our comparison implies

RT (X/A) @Y% ,, A= Rlay(X/(A,1,7)).

When I = (p), then the above is nothing but the crystalline comparison established in [BS19, Theorem
1.8.(1)]. Notice here the left hand side does not depend on the choice of v, consequently neither does
the right hand side. Another class of potentially interesting PD prisms consists of (W (S), V(1)) for
any bounded p-complete ring S.

(4) de Rham comparison: there is a natural map gr’: dRp /A= R” given by “quotient out” first Hodge
filtration. Our comparison result above, after composing with this further base change, gives

R (X/A) @5 ,, A®% A/T = RTar(X/(A/I))";

here, we have used |GL21l, Proposition 3.11] to identify the result of right hand side under this base
change. This is the de Rham comparison given by [BS19, Theorem 1.8.(3)].

In (1)-(3) above, the crystalline comparison [BS19, Theorem 5.2] also yields comparison isomorphisms.
Note that there are at least two comparison isomorphisms in above discussion, and we just claimed that they
give rise to commutative diagrams, which might worry some readers. To assure these readers, we establish the
following rigidity of p-adic derived de Rham cohomology theory.

Theorem 1.7 (see Theorem and Remark [3.15)). Let (A, I) be a prism such that A/I is p-torsion free.
Then the functor R — ng/A from the category of smooth (A/I)-algebras to CAlg(D(dR?A/I)/A)) has no

automorphism. Similar statement holds for the functor R +— dRﬁ/(A/I).

Therefore, whenever one has a diagram of functorial comparisons between various cohomology theories and
the p-adic derived de Rham cohomology, the diagram is always forced to be commutative. Our method of
proving such rigidity is largely inspired by [BLMI8| Sections 10.3 and 10.4] and [BS19, Section 18]. In view of
rigidity aspects of p-adic derived de Rham complexes, we would like to mention a recent result of Mondal
[Mon20]: roughly speaking, there is a unique deformation of de Rham cohomology from characteristic p to
Artinian local rings given by crystalline cohomology (c.f. [BLM18, Theorem 10.1.2] for the case of deformation
over Zp). Let us mention that a recent collaboration between Mondal and the first named author [LM21]
computes endomorphisms of p-adic derived de Rham cohomology in various p-adic settings.

Next, we discuss compatibility of additional structures on both sides being compared in Theorem most,
notably the Frobenius action and filtration. In we define a natural Frobenius action on p-adic derived de
Rham complex assuming the base ring A is a p-torsion free §-ring. Therefore the right hand side is equipped
with a Frobenius action. The left hand side admits a Frobenius action as well, by extending the Frobenius
action on prismatic cohomology, as A — de\A /1y 18 compatible with Frobenii on them. The two Frobenii on
two sides in Theorem agree when A is p-torsion free, see Remark [3.6] Let us remark that these p-torsion
free conditions most likely can be relaxed, with extra work in developing the theory of “derived §-rings”. We
expect the above theoretical results to hold verbatim.

The story of comparing filtrations is our main new contribution to this theory and it is quite involved. Let
us rewrite the comparison:

©*RT (X/A) @5 dR{4/5)/4 = RI(X,dR" ).
There are 3 natural filtrations here:
e the Nygaard filtration Fily( (_I)A) on p*RI" (X/A), see [BS19, Section 15];

e the I-adic filtration on A; and
e the Hodge filtration Filf;(dR” ;) on dR{4/j),4 and RI(X,dR” ).

They are related in the following fashion.

Theorem 1.8 (see Corollary 4.23). Let (A,I) be a prism such that A/I is p-torsion free, and let X be a
smooth proper (p-adic) formal scheme over Spf(A/I).
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(1) The isomorphism in Theorem refines to a filtered isomorphism:

1@ L o\ ~v :1®
(RF(X, Filg( %))) B(ae)(A,Z%) = RT(X, Filfy (dR" /),

where the left hand side denotes the p-complete derived tensor of filtered objects over the filtered ring
(A, I*) provided by the lax symmetric monoidal structure on the filtered derived infinity category.
In particular, we obtain a graded isomorphism between graded algebras:

* 1 ~L * ~ *
(ng RI'(X, (_}A)®sym;/1(1/12)FA/1(I/12)> = (ng RI'(X, dRA/A))'
(2) The isomorphism in Theorem induces natural isomorphisms:
RIO(X, ), /Fily) = RT(X,dR" ,, /Fily)

for all i < p.

Moreover these isomorphisms are functorial in X and A.

Here A denotes the p-adic PD envelope of A — A/I, and Z* denotes the filtration of PD powers of the
ideal ker(A —» A/I). For a (somewhat) concrete description of the filtration on *RI' (X/A) @4 dR(AA/I)/A
appearing in the above Theorem, we refer readers to [GL21, Construction 3.9]. Note that by combining
aforesaid result of Bhatt [Bhal2 Theorem 3.27] and a classical result of Illusie [III72, Corollaire VIII.2.2.8],
there is a natural filtered isomorphism (dR(4 7,4, Filfy) = (A, Z°).

In [TI20, Section 2|, a comparison of Nygaard and Hodge filtration is established for crystalline base prism
(A, I) = (W(k), (p)), in particular his A/I is entirely p-torsion. It seems reasonable to expect the comparison
of filtration holds for general base prisms. Both Bhatt and Illusie have sketched to us an approach of resolving
base prism by prisms (A4, I) such that A/I is p-torsion free, to reduce the general comparison to our theorem
above. We choose to not pursue that direction further in this paper, as our final application only uses the
comparison when the base is the Breuil-Kisin prism.

With the above general preparation, we are ready to show M(H (X/6)) ~ HL, . (X/S) (when H' (X/&)
is u-torsion free). In order to treat p™-torsion cohomologies in Theorem [L.2] we consider the derived mod
p™ variants of the aforementioned cohomology theories. For example, we denote the p™-torsion prismatic
cohomology as RI' (X, /A,) := RI' (X/A) ®% Z/p"Z. As pointed out by Warning such p"-torsion
prismatic cohomology does not only depend on X, = X xz, Z/p"Z. But it is enough for our purpose

i
crys

to understand the p™-torsion crystalline cohomology H? . (X, /S,) and its relation with étale cohomology
Hi, (X, Z/p" ).

Note that the cohomology groups of RI' (X,,/&,,) do fit in our setting of generalized Kisin module 9t
of height h (discussed in , i.e. a finitely generated G-module 91 together with a pg-semi-linear map
on : M — M and an S-linear map ¢ : M — *M so that 1o (1@ pem) = E id,+om and (1@ pen)or) = E" idgy.
The generalized Kisin module is a natural extension of classical (étale) Kisin module discussed above allowing
u-torsions. In particular, an étale Kisin module 91 of height h is a generalized Kisin module of height h without

1 -1
u-torsion, where v is just defined by 9t ~ E"N ( ®¢§m) Fing @I C p*M, and similarly the BK filtration
can be extended to generalized Kisin module by defining Fing ©*M = Im (¢ : M — ©*IM). Most importantly,
H' (X,,/6,) is a generalized Kisin module of height i, and the BK filtration on ¢*H* (X,/S,,) exactly

matches with the image of the Nygaard filtration quSyn(X JFilL Dy — Hflsyn(X . WY where Fili, (V) =

Fill, (_1}6 ®% Z/p"7Z and 511) = (_1}6 ®%Z/p"Z, see Proposition and Corollary One can apply many
methods in the study of étale Kisin modules to treat H* (X,,/&,,) as well. As a consequence, we prove the

following:

Theorem 1.9. Let A = (G, E) be the Breuil-Kisin prism and write M: = H' (X,,/A,). Leti < p—2
be an integer. Then Hérys(Xn/Sn) has a Breuil module structure if and only if 9 has no u-torsion for
j =1,i+ 1. In this scenario, we have M(M;,) ~ He, (X0 /Sn) and Ts(He,ys (X0 /Sn)) = He, (X7, Z/p"Z)(1)
as G -modules.
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Finally, by using Caruso’s Theorem for n = 1, we can show that 9! has no u-torsion if ei < p — 1,
hence deducing Theorem

In the end of this introduction, let us report what we now, a year since writing this paper, know slightly
beyond the case of e-i < p— 1. Recall Breuil asked |[Bre02, Question 4.1] whether, assuming ¢ < p—1, it is true
that H., (X, /S,) always supports a Breuil module structure with associated Galois representation given by
H., (X5,Z/p"Z). In view of our Theorem what Breuil asked for is really some module theoretic structure
of prismatic cohomology of X: whether the prismatic cohomology always has no u-torsion when ¢ < p. In
the upcoming sequel to this paper, among other things, we study u°°-torsions in prismatic cohomology. We
obtain some results in the boundary case: that is e-i = p — 1. Let us restrict ourselves further to the two
extrema of the boundary case, and our relevant findings is summarized below:

e When ¢ = 1, Breuil’s question amounts to vanishing of u-torsion in the first and second prismatic
cohomology. The first prismatic cohomology is always u-torsion free. The second prismatic cohomology
having u-torsion is showed to be equivalent to the failure of having Albanese abelian (formal) scheme
of X, by which we mean a map X — A with both central and generic fibres being the Albanese
map. This was studied by Raynaud [Ray79] and we extend some of his results using this prismatic
perspective. We generalize a construction in [BMS18| Subsection 2.1] to produce counterexamples to
Breuil’s question with e = p —1 > 1. In fact the module structure of H!, (X, /S, ) of this example is
too pathological that it cannot possibly support a Breuil module structure. In particular, in hindsight,
our Theorem [I:2]is sharp.

e When e = 1, this is what Fontaine-Messing [FM87| and Kato [Kat87| studied. In the boundary case
i = p— 1, we show that the Galois representation pP~! attached to the Fontaine-Laffaille structure on
the (p — 1)-st crystalline cohomology is not far from the (p — 1)-st étale cohomology of the geometric
generic fibre: the latter embeds in the former with cokernel being a p-torsion unramified Galois
representation. Moreover the cokernel can be understood as a piece of the p-adic vanishing cycle of X
in cohomological degree p.

The case of e-i > p — 1 remains mysterious to us. We believe the first step of investigation would be a better
understanding of u*-torsions in prismatic cohomology, extending our results so far.

We arrange our paper as follows: after collecting rudiments on prismatic cohomology and derived de
Rham cohomology in §2, we establish our comparison isomorphism between the two cohomologies in §3
together with Frobenius structures. We devote efforts to discuss various filtrations in §4 and establish a
filtered comparison. We remark that the theory in §2-§4 accommodates quite general classes of prisms, which
opens the possibilities to develop, for example, Breuil-Caruso theory, for more general base rings. We hope
to report the generalization in this direction in future work. Starting from §5, we restrict ourselves to the
Breuil-Kisin prism (&, (E)) and focus on structures of torsion prismatic cohomology and torsion crystalline
cohomology for proper smooth formal scheme X over Ok. In §5 we construct a connection V on derived de
Rham cohomology and hence on crystalline cohomology. The §6 recalls classical theory of Kisin modules,
Breuil modules, functors to Galois representations and the functor M connecting Kisin modules and Breuil
modules. Finally §7 assembles all previous preparations to prove Theorem

Acknowledgement. We would like to thank Bhargav Bhatt, Bryden Cais, Luc Illusie, Teruhisa Koshikawa,
Shubhodip Mondal, Deepam Patel, and Emanuel Reinecke, for very useful discussion and communication
during the course of preparing this paper. The first named author especially would like to thank Bhargav
Bhatt for so many helpful discussions and suggestions concerning this project. The influence of Bhatt’s work
and comments on the first half of this paper should be obvious to readers. We are also grateful to Illusie for
stimulating discussion and his encouragement.

2. PRELIMINARIES

Starting with this section through Section [4] unless stated otherwise, all completions and (completed)
tensor products are derived.

2.1. Transversal prisms.

Lemma 2.1. Let (A, I) be an oriented prism with I = (d). The following are equivalent:
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(1) the sequence (p,d) is Koszul regular;
(2) the sequence (p,d) is regular;
(8) the morphism Z,[T] — A sending T to d is flat.

Proof. (3) implies (1): as (3) implies that A ®z 77 Z,[T]/(p,T) is discrete.

(1) implies (2): (1) implies that the p-torsions in A is uniquely d-divisible, and A/p has no d-torsion. On
the other hand, we know the p-torsions in A is derived d-complete, hence must vanish. Therefore (p,d) is a
regular sequence.

(2) implies (3): it suffices to show that for any prime ideal p C Z,[T] the derived tensor A ®z, 77 Zp[T]/p
is discrete. When p is the unique maximal ideal, this follows immediately from (2). So we only have to deal
with height 1 primes which are always generated by a polynomial of the form

f=T"+p- (lower order terms),

and we need to show that A is f-torsionfree. Suppose a € A is an f-torsion, modulo p we see that @ € A/p is
a d™-torsion, now (2) implies that @ = 0 € A/p. Therefore we see that f-torsions in A is divisible by p. As (2)
also implies that A is p-torsionfree, we see that f-torsions in A is uniquely p-divisible. Since A is derived
p-complete, we see that A must in fact be f-torsionfree. O

We can globalize to non-oriented prisms (A, I). The following easily follows from Lemma

Lemma 2.2. Let (A, I) be a prism. The following are equivalent:

(1) there is a (p,I)-completely faithfully flat cover by an oriented prism (A’,TA"), which satisfies the
equivalent conditions in Lemma [2-1);

(2) the ideal I is p-completely regular;

(8) Zariski locally (p,I) is a regular sequence;

(4) the natural morphism Spf(A) — [Spf(Z,[T])/(Gm)z,] classified by I is flat.

Let us explain the morphism in (4) above: Zariski locally I is generated by a nonzerodivisor d, hence Zariski
locally we get a map Spf(A) — Spf(Z,[T]), and on overlap these generators differ by a unit in A, hence globally
we have a morphism to the quotient stack. Alternatively, we can understand this map as the composition of
the universal map Spf(A) — X introduced by Drinfeld [Dri20, Section 1.2], and ¥ — [Spf(Z,[T])/(Gm)z,]
induced by Wpyyim — Spf(Z,[T]) sending a Witt vector (xg, 1, ...) to xo.

Definition 2.3. A prism (4, ) is said to be transversal if it satisfies the equivalent conditions in Lemma [2.2}

For the remaining of this subsection, let us assume (A, I) to be a transversal prism. Denote the p-completed
PD envelope of A — A/I by A, and denote the kernel of A — A/I by Z.

Example 2.4. Let us list some examples of transversal prisms.

(1) The universal oriented prism is transversal.

(2) The Breuil-Kisin prism [BS19, Example 1.3.(3)] is transversal. We have A = & and A is classically
denoted by S in classical literature concerning Breuil modules.

(3) Let C be an algebraically closed complete non-Archimedean field extension of Q,. Then the perfect
prism associated with O¢ is transversal. We have A = Ajr and A = Agrys.

Although A is usually not flat over A, it has p-completely finite Tor dimension. In the next subsection we
shall see that this is a general phenomenon about derived de Rham complex and regularity of I.

Lemma 2.5. Let (A, I) be a transversal prism. Then A — A has p-complete amplitude in [—1,0], in particular
p-completely base changing along A — A commutes with taking totalizations in DZ°(A).

Proof. It suffices to check the statement Zariski locally on Spf(A4), hence we may assume the prism to be
oriented, say I = (d). Then we may base change to A/p. So we need to check that given an F,-algebra
R, and a nonzerodivisor d € R, the divided power algebra S = Dg(d) has Tor amplitude in [—1, 0] over R.
This follows from the fact that d? = 0 in S and S is a free R/(dP)-module. The commutation of tensor and
totalization now follows from [BS19, Lemma 4.20]. O
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2.2. Envelopes and derived de Rham cohomology. Let (A, ) be a bounded prism. In this subsection
we review derived de Rham complex of simplicial A-algebras relative to A.

First we want to spell out explicitly the process of freely adjoining divided powers or delta powers of
elements mentioned in [BS19, subsections 2.5-2.6 and section 3|.

Construction 2.6. (0) Recall T is locally generated by a nonzerodivisor in A. Let A; be an affine open
cover of Spf(A) such that I - A; = (d;) where d; € I. There is an A-algebra A[I - ] by glueing A;[z;]’s via
T; = g—;mj, it has a surjection A[I - 2] - A by glueing maps z; — d;. Alternatively one may directly define

ALz =PI
n>0
with the evident surjection being the natural inclusion on each factor. It can also be seen as the ring of

functions on the total space of the line bundle I~! on Spec(A4).

Similarly there is a §-A-algebra A{I -z} by glueing A;{x;}’s via A;{z;} ®a, A;; BTN Aj{z;} ®@a; Aij
with a surjection A{I -z} — A by glueing maps z; — d;. Alternatively one may directly define

AL -2y = Q@ (PE™1)")
A n>0

with the evident surjection being the natural map on each tensor factor. This can also be seen as the ring of
functions on the total space of an infinite rank vector bundle on Spec(A).

Note that the above construction can be generalized to the case where I is replaced by a line bundle £ on
Spec(A). In particular one can make sense of A{I~!-x} and A{p(I)-x}. We remark that there is a natural
map A{z} — A{I~! -y} by glueing the maps x — d;y; which we short hand as z + y.

(1) Let B be an A-algebra, let f1,..., f, be a finite set of elements in B. The simplicial B-algebra obtained
by freely adjoining divided powers of f; is denoted by B{((f;)) and defined to be the derived tensor of the
following:

i fi

Zlz1, ... ,x,) ——— B

DZ[ml ..... xr](xl,...mr).

The simplicial A-algebra obtained by freely adjoining divided powers of I is denoted by A{I) and defined to
be the derived tensor of the following:

AlT - z] A

|

Dajr.q)(ker(A[l - z] — A)),

alternatively one may define it as the glueing of the simplicial A-algebras A; ®,, 4, a[z] Dafz] ().

The simplicial B-algebra obtained by freely adjoining divided powers of I, f;, denoted by B{I, f;)), is defined
as the derived tensor of the above two algebras over A.

(2) Let B be a 6-A-algebra, let fi,..., f. be a finite set of elements in B. We define B{%} as derived
pushout of the following diagram of simplicial algebras:

i fi

A{zy,...,z,} —>=B

J/min-yi

Ay, yr b



COMPARISON OF PRISMATIC COHOMOLOGY AND DERIVED DE RHAM COHOMOLOGY 9

We define A{¢(I)/p} as derived pushout of the following:
A{l -2} —2> 4

i:c»—nmy

A{I -y},

alternatively one may define it as the glueing of the simplicial §-A-algebras Ai{%}.

Analogously B{#, f?} is defined as derived tensoring the above two algebras over A.
(3) Given a sequence (f1,..., fr) of elements inside a ring B, we use notation

ARB(f1,-- > fr)" = ARRos(Bif1.... 1)/ B

to denote the derived p-completed derived de Rham complex of Kos(B; f1, ..., f.), viewed as a simplicial
B-algebra, over B.
Similarly when B is an A-algebra, we denote

dRp(I)" == dR{pe ,(a/1),/B>
and

d I, )" =dR%} .
Rp(l, fi) R(Kos(B;f1 ..... £)®a(A/D))/B

Let J be an ideal inside B, then we denote
Here all the completion are derived p-completion.

Remark 2.7. (1) Let B = A{z}", note that z is (p, [)-completely regular relative to A. Using [BS19|
Proposition 3.13], we can get a B-algebra C' := B{%}" which is locally (on Spf(A) as one needs to trivialize
the line bundle I) given by C = A{y}" together with B-algebra structure z > d -y where d is the local
generator of I. One checks immediately that, in our notation here, we have C' = A{I~!.y}" with B-structure
given by ((p, I)-completion of) z — y.

In fact, after examining the proof of [BS19, Proposition 3.13], one finds that in the situation described in
loc. cit. , the algebra B{%}/\ is the derived (p, I)-complete pushout of the following diagram:

A{zy,...,z,} — B

J{mq‘,'—ﬂﬁ

A{T7" -y}

(2) We warn readers that when J = (f1,..., f) is an ideal inside B, the two simplicial B-algebras dRg(J)"
and dRg(f1,..., fr)" are usually different. These two agree when (f;) is a p-completely Koszul regular
sequence.

Below we shall see the relation between derived de Rham complex, divided power envelopes, and prismatic
envelopes which directly follows from [BS19, Subsection 2.5].

Lemma 2.8. (1) Let B be an A-algebra, let {f1,..., fr} be a finite set of elements of B. Then we have the
following identification of derived p-complete simplicial B-algebras:

dRp(f1,.... f)" = B{f:)".
Similarly we have an identification:
dRp(D)" = B(I)".
(2) Let B be a 6-A-algebra, let {f1,..., fr} be a finite set of elements of B. Then we have the following
identification of derived p-complete simplicial B-algebras:
BiAy" = (AL,
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Similarly we have an identification:

By = By
p

Proof. By base change property of their constructions, we reduce ourselves to the case where B = A{z1,..., 2.}
with f; = x;. Again by base change we may assume A is the initial oriented prism, in particular it is flat over
Zp and I = (d) is generated by a nonzerodivisor. So we can focus on the case concerning finite set of elements
of B, we may further reduce to the case where the set is a singleton.

Now the identification in (1) follows from (the limit version of) [Bhal2, Theorem 3.27] and [Ber74, Théoréme
V.2.3.2]. The identification in (2) follows from [BS19, Lemma 2.36]. O

We deduce a consequence concerning the Tor amplitude of dR4(I)" over A, generalizing Lemma

Lemma 2.9. Let (A,I) be a prism. Then A — dRa(I)" has p-complete amplitude in [—1,0], in particular
p-completely base changing along A — dRa(I)" commutes with taking totalizations in DZ°(A).

Proof. We may check this statement locally on Spf(A), hence we may assume I = (d). Next, by base change,
we may assume A to be the initial oriented prism, in particular we may assume it to be transversal. Using
Lemma (1), we see now dR4(I)" is the p-completion of the divided power envelope D 4(I)". This reduces
the Lemma to Lemma O

We also have a prototype base change formula which will be used in the next section to establish a general
comparison.

Lemma 2.10. Let (A,I) be a prism, denote the composition A{x} parmee), A{z} = dRap ()" by f.
Then we have a base change formula:

A{I_l . m}@A{x}yf dRA{Z}(I)A = dRA{Z}(I, Z)/\,

Here the completion on the left hand side is derived p-completion. As (1) = (p) inside mo(dRag.y(I)"), it

is the same as derived (p, I)-completion when viewed as an A-complex via pa: A — dR4(I)".

Proof. Note that by Lemma we have identifications dR .y (I)" = A{z}{%}/\ as p-complete simplicial

A{z}-algebras. Similarly we can identify dR 4.1(1, 2)" with A{z}{%, %}A.
Now we look at the following diagram

A{z} Afz} A€}

| | |

AT 2} — ARHER ) — Al 2l)y

The left square is a pushout diagram by definition. Hence it suffices to show the right square, after derived
p-completion, is also a pushout diagram of p-complete simplicial A{z}-algebras.

To that end, we may work Zariski locally on A, so we can assume I = (d) is generated by one element.
This square is the base change of the same diagram when A is the initial oriented prism, so we have reduced
ourselves to that case. Now every ring in sight is discrete, and the p-completed square is a pushout diagram
because ¢(d) and p differ by a unit inside A{#}/\ ~ Da(d)M. O

In [Bhal2, Proposition 3.25|, for any p-complete A-algebra B, Bhatt constructed a natural map
Compp 4 ng/A — RIlays(B/A).

Here the right hand side denotes the p-complete crystalline cohomology defined using PD thickenings of B
relative to (4, (p),7) with 7;(p) = p*/i!. This natural map is functorial in A — B and agrees with Berthelot’s
de Rham-—crystalline comparison [Ber74, Théoréme IV.2.3.2] when it is formally smooth (viewed as p-adic
algebras). It is shown that when both A and B are flat over Z, and A — B is p-completely locally complete
intersection, then the natural map above is an isomorphism [Bhal2, Theorem 3.27|.
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For our purpose we shall be interested in the situation where B is formally smooth over A/I, we cannot
summon the above Theorem in loc. cit. to say that the natural map in this situation is an isomorphism. In
fact, when B = A/I the left hand side is dR 4 (/)" and the right hand side is the classical p-adic completion of
the PD envelope of A along I (compatible with the natural PD structure on (A4, (p))), denoted as .AH These
two need not be the same, e.g. take A = Z, and I = (p), then dR4(1)" = Z,[T"/i!]"/(T — p) but A = Z,.
However this turns out to be the only problem.

Proposition 2.11. Let B be an A/I-algebra.
(1) If B is formally smooth over A/I, then we have a natural identification

Rl rys(B/A) = Rl (B/A),

where the right hand side is the usual crystalline cohomology of Spf(B) over the PD base A.
(2) There is a natural map

Compps: dRB /4 Dar (18 A = Rlarys(B/A),

which is functorial in A/I — B.
(3) If B is formally smooth over A/I, then the above is an isomorphism.

Proof. (1) is an easy consequence of the fact that B is an A/I-algebra. In fact we only need A/I — B to be a
local complete intersection. Indeed we use Cech—Alexander complex to compute both crystalline cohomology,
and one reduces to the following: Let P be a polynomial A-algebra with a surjection P — B of A-algebras,
then there is a naturally induced surjection P ® 4 A — B of A-algebras, and we have an identification of PD
envelopes

D(A,(p),’y)(P —» B) = D(A7I7’y) (P ®A A - B)

(2) The functoriality of Bhatt’s Compp /A asserts that the map is compatible with the natural map
dR4(I)" — A, hence we get our natural map Compy 4.

(3) Choose a formal lift B over A (note that A is (p, I)-complete). By the functoriality of Bhatt’s Comp /4
we get the following commutative diagram:

dR% , ®aA R crys(B/A)&4A
dR% /4 ®dr (1)1 A RT crys(B/A).

The top horizontal arrow is an isomorphism by Berthelot’s de Rham-crystalline comparison. The left vertical
arrow is an isomorphism by the Kiinneth formula of derived de Rham complex: dR% /4 @4 dRA(I)" = dR} JA-
The right vertical arrow is an isomorphism by base change formula of crystalline cohomology. Therefore we

conclude that the bottom horizontal arrow, which is our Compg, 4, must also be an isomorphism. O

The above proposition and Bhatt’s results discussed before suggest that derived de Rham complex is a
substitute of crystalline cohomology. Inspired by this philosophy, below let us show that derived de Rham
complex only “depends on the reduction mod p of the input algebra”. We need to introduce some notations
first: denote the p-adic derived de Rham complex dRp /2, by D. Bhatt’s result implies that the natural map
Z, — D admits a retraction D — Z,. In Example (1) below, one finds a detailed description of D.

Remark 2.12. In fact, one can show that D is the p-complete PD envelope of Z,, along the ideal (p) by D.
Moreover under this identification one can easily see that the retraction above is unique, and is given by the
fact that there is a unique PD structure on (Z,, (p)) (as Z, has no p-torsion). Notice that when taking PD
envelope, one has to fix a PD base ring, and we always take it to be the trivial PD ring (Z,, (0), ¥riv) when
we say PD envelope without mentioning a PD base ring.

2This notation agrees with the previous subsection as we assumed (A, I) to be a transversal prism there.
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Proposition 2.13. Let R be a ring with its derived p-completion R, let B be a simplicial R-algebra. Then
there is a natural isomorphism:

dRIQos(B;p)/R ®DZP = ng/R
which is functorial in R — B.

Here the map D — dRI/EOS( Bip)/r 18 induced by the following natural diagram

F, —— Kos(B;p) = B®zF,

| |

7 —— > R.
Proof. This follows from the Kiinneth formula of derived de Rham complex:
dR/IEos(B;p)/R = dR/];/R ®R dRR(p)/\’
and the base change formula dRg(p)" = D@z, R" as Kos(R;p) = R @7 F,,. O

2.3. Frobenii. Let A be a p-torsionfree d-ring. Using Proposition [2.13] we can define a Frobenius action on
dR/]}/A which is functorial in (A, ¢4) and the A-algebra B.

Construction 2.14. Let A be a p-torsionfree §-ring and B a simplicial A-algebra. Recall there is a functorial
endomorphism on simplicial Fj-algebras given by left Kan extending the usual Frobenius on polynomial
F,-algebras, see [Lurlll, Construction 2.2.6]. For discrete [F,-algebras, it is just the usual Frobenius. We
may view B/p = B ®4 A/p, using the fact that ¢4 on A is a lift of Frobenius on A/p we get the following
commutative diagram:

B/p2"% BJp

|

A—Fr 4

it induces a Frobenius map ¢: dRﬁOS(B;p)/A — dRIA«)s(B;p)/A which is functorial in (A — B,¢4).
Similar diagram for Z — F,, (where A = B = Z,,) induces identity on D, hence we have a commutative
diagram:

dRI/Eos(B;p) /A dRI/EOS(Bﬂ’) /A

~

D.

P®iap, idz,,

Finally we define a Frobenius map ¢p/4: dRﬁOS( Bip)/A ®pZ, = dRYp /A dR% /a4 which is functorial

in (A— B,pa).

Remark 2.15. (1) It is conceivable that the above works for general d-rings. In private communication
we learned from Bhatt that a J-structure on a ring A is equivalent to specifying a commutative diagram as
follows:

Afp 2% Afp

note that here A/p is a simplicial F,-algebra that has nontrivial m; when A is not p-torsionfree. Hence for
any simplicial A-algebra B, one can also define a Frobenius on dR /A as above. However we do not work out
the full story here as we do not need this great generality for our intended applications later.

(2) By letting n — oo in [Bhal2, Proposition 3.47], one gets another construction of Frobenius on dR’} /Z,
for any Z,-algebra A. However later on we shall see in Remark @ that there is only one Frobenius that is
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functorial enough (in a suitable sense) on p-completed derived de Rham complexes when the base algebra is a
p-torsionfree d-algebra. In particular, our construction above agrees with Bhatt’s whenever both are defined
(i.e. when the base is Z,).

Let us work out some examples.

Example 2.16. (1) As an illustrative example, let us contemplate with A = Z, and B = F,. We have a
derived pushout square of rings:

Z,—— B

|

Tw—p
ZP

T} T—0 A

moreover the bottom map is a map of d-rings if we give Z,[T] a d-structure with ¢(T') = T?. Then we
get a pushout diagram of derived de Rham complex which says D = dRQp JZ,[T] ®Zp[T]ZP' The latter is the
same as Z,(T)" /(T) where we have used the fact that p has divided powers in Z,, (hence adjoining divided
powers of T — p is the same as adjoining divided powers of T'). It is easy to see that the Frobenius defined
on ngp Jz1m) = Lp{T) is induced by T +— TP because it has to be compatible with the Frobenius on Z,[T].
Therefore the induced Frobenius on dR’ /4 18 not the identity. This might be surprising as one would naively
think that the Frobenius on the pair (Z,,F,) is identity, hence must induce identity on the derived de Rham
complex. However the Frobenius on F), ®z, F, is not the identity (as Frobenius always kills cohomology
classes in negative degrees, see [Lurlll, Remark 2.2.7]), and it is this Frobenius that induces a map on the
derived de Rham complex. On a related note, Bhatt has pointed out to us that the identity map is also not a
lift of Frobenius on D & ZP«T))A/(T).

(2) Let J C A be an ideal which is Zariski locally on Spec(A) a colimit of ideals generated by a p-completely
regular sequence. Then by Lemmal[2.8| (1), we have an identification: dRa(J)" = D4 (.J)". Since the Frobenius
map obtained is compatible with 4 and D(J)" is p-torsionfree, we see that this pins down the Frobenius
on dR 4 (J)": any v, (f) with f € J must be sent to %. Note that f? is divisible by p in D4(J)", hence
@a(f) is divisible by p in D4 (J)". '

(3) Let A be p-complete, and let B = A(XY/P™). Since A — B is relatively perfect modulo p, there
is a unique lift of Frobenius ¢p on B covering the Frobenius on A and it is given by ¢p(X?) = XP.
By [GL21l Proposition 3.4.(1)], we see the natural map to 0-th graded piece of Hodge filtration induces
an isomorphism dR% /A = B. Applying the functoriality of the Construction to the map of triples:
(A— B,pa) = (B — B,pg), we see that the Frobenius on dR%/A >~ B must be ¢p.

When the map A — B is a surjection with good regularity properties, we see in Lemma [2.8] that one
can express dR7% /4 In terms of prismatic envelopes. Since prismatic envelopes are d-rings, they possess a
Frobenius map by design. We can use this to give an alternative construction of the Frobenius for derived de
Rham cohomology of certain regular A-algebras relative to A. To that end, we need to first establish a sheaf
property for derived de Rham cohomology.

Proposition 2.17. Let S be an R-algebra. Assume:

e the cotangent complex Lg/r € D(S) has p-completely Tor amplitude in [—1,0];
e the (relative to R/p) Frobenius twist of S/p is in D=""(F,).
Consider the category C consisting of triangles R — P — S with P being an ind-polynomial R-algebra, equipped
with indiscrete topology. Let ng/_ be the sheaf that associates any triangle R — P — S with ng/P, Then
we have:
(1) For any R — P — S, the ng/P is in DZ~™(R).
(2) The natural map dR/S\/R — lime ng/P is an isomorphism.
(3) For any R — P — S with P — S surjective, the natural map ng/R — lima ng/P. s an isomor-
phism. Here P, = P®r("+1) for any [n] € A, with induced maps P, — S.
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Proof. We shall prove this by reduction modulo p. Hence we may assume R and S are simplicial IF,-algebras.

For (1) we use the conjugate filtrations on the derived de Rham complex. Since Lg/r has Tor amplitude in
[~1,0], s0 is Liga.r) , p where SF) is the (relative to P) Frobenius twist of S. The above estimate shows that
the graded pieces of the conjugate filtration has Tor amplitude at least 0 over SF). Since S™) is assumed to
be in D=~™(F,) and the relative Frobenius for P is flat, we see that all the graded pieces of the conjugate
filtration lives in D=~ (R).

Note that P — S is surjective if and only if R — P — S is weakly final in C. Since these ng/P are
cohomologically uniformly bounded below, [Bhal8al Lecture V, Lemma 4.3] (see also [Sta20, Tag 07JM])
reduces (2) to (3).

Lastly to show (3) we appeal to the conjugate filtration again. Since the graded pieces of the conjugate
filtration is cohomologically uniformly bounded below by our proof of (1) above, it suffices to show Lg),p —
lima Lga.e) /p, is an isomorphism, where S (1) is the (relative to P,) Frobenius twist of S. This follows easily
from the fact that lima Lp, /g = 0. O

The above Proposition gives us a way to describe the Frobenius action of the p-completed derived de Rham
complex in more cases than those listed in Example

Proposition 2.18. Let A be a p-torsionfree p-complete d-algebra, and let I C A be an ideal which is Zariski
locally on Spec(A) generated by a p-completely regular element. Let B be a p-completely smooth A/I-algebra.
Then we have:
(1) For any (p, I)-completely ind-polynomial A-algebra P with a surjection P — B, the kernel J is Zariski
locally on Spf(P) colimit of ideals generated by a p-completely reqular sequence.
(2) For any such A— P — B as in (1), the dRAB/P is an ordinary algebra.
(8) For any (p,I)-completely free 6-A-algebra F with a surjection F — B, there is a unique §-algebra
structure on ng/F compatible with that on F. With this §-structure, we have an identification:

dR%, gF{wFT(J)}A.

(4) Consider the category C of all triples A — F — B as in (8), we have
dRp /4 = 1iérnng/F.

In fact, it suffices to take limit over the Cech nerve of one such F — B. Together with (8) we get a
natural Frobenius action on ng/A.

(5) The Frobenius on ng/A obtained in (4) agrees with the one in Construction |2.14}

The notation F' {"GFT(J)}A is defined analogously as in [BS19, Corollary 3.14]. Using .J is Zariski locally given

by an ind-p-completely regular ideal, we may define F' {“OFT(‘])}’\ as the glueing of the colimit of F {“"FT(M}A,
where (f;) is the ind-regular sequence generating J on a Zariski open.

Proof. (1) follows easily from the fact that B is formally smooth over A/I and I is Zariski locally generated
by a p-completely regular element.

(2) follows from the argument of Proposition (1). Indeed we set R = A and S = B. The Frobenius
twist of B/p is smooth over A/(pa(I),p) = A/(IP,p), and the latter is an ordinary algebra. Hence in our
situation, we have m = 0 in the condition of Proposition This shows that the dR3 /p isin D=°. Using
conjugate filtration again, it is easy to see that the p-completed derived de Rham complex of any surjection
must be in D=C. Hence our dR’ ,p must in fact be an ordinary algebra.

(3) essentially follows from (1) and Lemma Indeed by description of J, we see that dR73 /r = Dp(J)N.
Since J is Zariski locally an ind-p-completely regular ideal, we see that Dg(J)” is p-torsionfree, hence having
a d-structure is equivalent to having a lift of Frobenius. The argument in Example (2) tells us that there
is at most one Frobenius structure on it compatible with that on F'. Lastly Lemma shows that we can put
a d-structure on it by identifying

er(J)

dR%/p = Dr(J)" = F{T}'
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(4) follows from Proposition 2.17] (2)-(3).
As for (5), it suffices to notice that for any of these A — F' — B the two Frobenii defined on ng/F agree
and they are both functorial in A — F — B. a

The following is similar to Proposition [2.17] and will be used later in the next section.

Proposition 2.19. Let (A,I) be a bounded prism. Let R be a formally smooth A/I-algebra. Consider C the
category of all triples A — P — R where P is a p-completed polynomial algebra over A. Associated with such
a triple is the following diagram:

A——>P——>F

L

A/l —=R——= 5,

where F' is the p-completed free d-A-algebra associated with P, and S is the p-completed tensor product
S := R®RpF. Then we have:

(1) Choose an object A — P — R, consider the n-th self-fiber product A — P™ := P®an R for any
positive integer n. Then the associated p-completed free §-A-algebra is F™ := F®A™  and we have

R&pn F™ = §9nm,

which we shall denote by S™ below.
(2) Choose an object A — P — R, then the natural map

dR% /4 — [ HIEnA dRGn /o

is an isomorphism.
(8) The natural map

R4 — limdR,
is an isomorphism.

Notice that we do not need to assume A to be p-torsionfree here.

Proof. For (1): if P is p-completely adjoin a set T" of variables, then F' is p-completely adjoin the set [T of
variables, where ¢ in the i-th component represents §°(x;). The statement on fiber product and the associated
F™ is clear. As for the statement about S™, just notice that we have the following pushout diagrams:

P"——=R":=R%" — >R
Fr San S = §Enn,

To prove (2), we may reduce modulo p. Note that A — F and R — S are p-completely faithfully flat. In a
similar manner to the proof of Proposition m (3), using conjugate filtration, plus the distinguished triangle
of cotangent complex, and fpqc descent of cotangent complex (see [BMS19, Theorem 3.1]), one can show this
natural map is an isomorphism.

(3) follows from (2) in the same way as how Proposition (2) follows from Proposition 3). O

Remark 2.20. Similar to Proposition , assume A to be p-torsionfree, then these dRQ /r appeared above
are discrete rings, and we can equip them a natural §-structure. By the same proof of Proposition the
induced Frobenius on dR7% /4 agrees with the one provided by Construction

Later on we shall see in Remark (1) that if (A,I) is a transversal prism, then there is only one
Frobenius in a strong sense. So all these different constructions must give rise to the same map.
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2.4. Naive comparison. Consider the composition f: A 22 A — A, it induces a morphism of prisms
which we still denote by f: (4,1) — (A, (p)). Let X be a p-completely smooth affine formal scheme over
Spf(A/I). Now by base change formula of prismatic cohomology [BS19, Theorem 1.8.(5)], we have

RI' (X/A)®a ;A= RL (V/A),
where Y = X Xgpea/1), Spec(A/p).
Then the crystalline comparison of prismatic cohomology [BS19, Theorem 1.8.(1)] gives us
©) ¢URT (X/A)@4,5A) = @U(RT (V/A)) = RTerys (V/A) = @3 (RTerys (X A)).
Here the last isomorphism comes from the following commutative diagram

A*»A/(va)

A

A—— A/p.

In the following, we aim at getting a Frobenius descent of the isomorphism obtained in (), see Remark

3. COMPARING PRISMATIC AND DERIVED DE RHAM COHOMOLOGY

Let (A, I) be a bounded prism. Let X be a p-adic formal scheme which is formally smooth over Spf(A/I).
In this section we shall establish a functorial comparison between the prismatic cohomology RT' (X/A) with
the derived de Rham cohomology dR’y A

3.1. The comparison. In the beginning of this subsection we need to comment on an error in the construction
of Cech-Alexander complex in [BS19, Construction 4.16]. We learned this subtlety from Bhatt who was
informed by Koshikawa. The issue is as follows, with notation as in loc. cit.: suppose D — D/ID <« R is
an object in (R/A) , then one needs to exhibit a morphism (B{Z}" — D) in (R/A) . The argument was
along the following line, by universal property it suffices to exhibit a map B — D sending J into I D, which is
amount to filling in the following dotted arrow (of d-rings)

R——=D/ID
]
B--->D

that makes the diagram commutative. At first sight this seems easy, as B is a free d-ring in a set of variables,
we just lift images of those variables under B — R — D/ID to D to get a map of -rings. But there is no
way a general lift will make the above diagram commutative for the ¢’s of those variables.

Below we describe a fix that we learned from Bhatt. Recall that the forgetful functor from - A-algebras to
A-algebras admits a left adjoint, see [BS19, Remark 2.7]. One checks the following easily:

e given a derived (p, I)-completed polynomial A-algebra P which is freely generated by a set of variables,
then apply this left adjoint we will get a derived (p, I)-completed free J-A-algebra F' generated by the
same set of variables.

e this left adjoint commutes with completed tensor product.

In particular the natural map P — F is (p, I)-completely ind-smooth.

Construction 3.1 (Cecthlexander complex for prismatic cohomology). Let R be a p-completely smooth
A/I-algebra. Let P be a derived (p, I)-completed polynomial A-algebra along with a surjection P — R, and
let J be the kernel. Associated with the triple A — P — R is a J-A-algebra F{%}A7 obtained by applying
[BS19l Corollary 3.14]. We make three claims about this construction.

Claim 3.2.
(1) The §-A-algebra F{ZE}" is naturally an object in (R/A) ;
(2) as such, it is weakly initial in (R/A) ; and
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(3) if there is a set of triples A — P; — R, then the coproduct of associated Fi{Z£i}" in (R/A) s given
by the 6-A-algebra associated with the triple A — ®4P; — R where the second map is given by the
completed tensor of those P; — R maps.

Let us postpone the verification of these claims and continue with the construction. At this point we may
simply follow the rest of [BS19, Construction 4.16]. Form the derived (p,I)-completed Cech nerve P*® of
A — P, and let J* C P*® be the kernel of the augmentation map P®* — P — R. By the first claim above, we

get a cosimplicial object (F‘{Q}A) in (R/A) . The third claim above shows that this is the Cech nerve
of F{ZE}" in (R/A) , and according to the second claim the object F{ZE}" covers the final object of the
topos Shv((R/A) ). Therefore g, 4 is computed by F’{%}A.

This construction commutes with base change of the prism (A, I). When (A, I) is fixed, this construction

can be carried out in a way which is strictly functorial in R, by setting P to be the completed polynomial
A-algebra generated by the underlying set of R.

Proof of Claim[3.3 Proof of (1): form the following pushout diagram:

R——=S

|

P——=F

Denote F{ZE}" by C°, by its defining property there is a natural map S & F/JF — C°/IC°. Hence C°
gives rise to a diagram (C° — C°/IC° <— S < R) which is an object in (R/A) .

Proof of (2) and (3): this follows from chasing through universal properties. Let (D — D/ID + R) be an
object in (R/A) , we have the following chain of equivalences:

JF
F{T}A — Din (R/A) <= a map of d-A-algebras F' — D such that JF is mapped into ID
<= a map of A-algebras P — D such that J is mapped into ID.

It is easy to see that the last statement is equivalent to filling in the following dotted arrow below

P-——-->=D

as A-algebras, making the diagram commutative. Note that there is no requirement from é-ring consideration
here. Now one checks the claims (2) and (3) easily. O

With the above preparatory discussion, we are ready to compare prismatic cohomology and derived de
Rham cohomology. The key computation we need is the following.

Lemma 3.3 (Comparing prismatic and PD envelopes for regular sequences). Let B be a (p, I)-completely flat
d-A-algebra, let f1,..., fr € B be a (p,I)-completely reqular sequence. Write J = (I, f1,...,fr) C B. Then
we have a natural identification of p-completely flat AR (I)"-algebras:

J o~ .
B{ 7Y 5.0 BO4 dRA(D)" = dR5(J)".

Here the B{ YJ}A is as in [BS19, Proposition 3.13], which is (p, I)-completely flat over A. Let us clarify the
various completions involved on the left hand side. First we perform derived (p, I)-complete tensor, then we
perform derived (p, ¢(I))-complete tensor which is the same as derived p-complete tensor as ¢(I) = (p) in

mo(dRa(I)").
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Proof. Recall that in the proof of [BS19, Proposition 3.13] and also explained in Remark the B{<}" is
constructed as p-completely pushout the following diagram:

i+ fi

A{zy,...,2,} — B

|

Ay, .. {5 )

The left hand side in this Lemma is therefore given by pushing-out the above diagram further along

fB: B 25 B — B®y4 dR4(I)". The composition A{zy,...,z,} zfi g oy B®4 dRA(I)" can now be
factored as A{z1,..., 2z} pamielE), Az, 2y = dRAgy 2 (DN — B® 4 dRA(I)", where in the last

map z; is sent to f; ® 1. Hence the left hand side becomes the p-completely outer pushout of the following
diagram with solid arrows:

Alzy,... 2.} —————dRags, ..y ()" B® 4 dR 4 (1)

\ \4
A{xl,...,xT}{%} >dRA{z1 H“’ZT}(I,Zl,...ZT)/\ >dRB®AdRA(I)/\<fi®1)A ngB<J)A

Using (multi-variable version of) Lemma we see the left square of the above is a p-completely pushout.
Base change property of derived de Rham complex now shows the right square of the above to be a p-completely
pushout. Here the isomorphism of the right bottom corner follows from the fact that (I, f1,..., f-) is a Koszul
regular sequence in B. 0

Just like how [BS19, Proposition 3.13] implies [BS19, Corollary 3.14|, our Lemma [3.3| above gives us the
following.

Lemma 3.4. Let R be a p-completely smooth A/I-algebra. Let P be a p-completed polynomial algebra over
A, and let P - R be a surjection of A-algebras with kernel J. Consider the following diagram:

A/l —=R——S

]

A——>P——>F

where I is the p-completed free §-A-algebra associated with P, and S is the p-completed tensor product
S = RRpF. Then we have a natural identification of p-completely flat dR 4 (I)"-algebras:

J-F. N
F{T}®F,¢FF®A dRA(1)" = ng/F .

Proof. Zariski locally on Spf(P) and Spf(F’), the kernel J and J - F is a colimit of the form considered in
Lemma Also note that F/J - F = S, by definition we have dRp(J - F)" = ng/F.

Since formation of p-complete derived de Rham complex commutes with taking p-complete colimit (of the
algebra over A) and descends from p-completely flat covers, we may glue the local isomorphisms obtained in
Lemma and take colimit to get our identification here. (]

Using this comparison of prismatic envelope and derived de Rham complex, we get a comparison between
prismatic and derived de Rham cohomology as follows.

Theorem 3.5. Let (A, I) be a bounded prism. For any p-completely smooth A/I-algebra R, there is a natural
isomorphism in CAlg(A):

RT (R/A)®4 ., ADadRA(I)" 22 dRY 4,
which is functorial in A/ — R and satisfies base change in (A, ).

Let us emphasize again that when (A, I) is transversal, this follows from [BS19, Theorem 5.2].
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Proof. Let us first construct the desired natural morphism
R (R/A)®4p, ADadRA(I)" — dR%) 4 -

Given any triple A — P — R as in the setting of Lemma [3.:4] we have a natural morphism
~ ~ J-F o~ ~
RT (R/A)®apaABAdRA()" = F{=F=} "8 pp, FOa dRA(I)" = dRg, p,

which is functorial in A -+ P — R. By Proposition m (3), the limit of right hand side over all the triples
A — P — R is just dR} /4, hence we get the desired natural morphism. It is functorial in A/l — R and
satisfies base change in (A, T).

Now we need to show the natural arrow constructed above is a natural isomorphism. Let us make more
reductions. It suffices to check this is an isomorphism after a faithfully flat cover, and since both sides
commute with base change in A, we may Zariski localize on A, hence we may first reduce to the case where A
is oriented, i.e. I = (d). Observe that both sides are the left Kan extension of their restriction to the category
of polynomial A-algebras, so it suffices to show that the above arrow is a natural isomorphism for algebras
of the form R = A/I[X4,...,X,]", which is the base change of p-complete polynomial algebras over the
universal oriented prism. Hence we can reduce further to the case that A is the universal oriented prism. In
particular we may assume that (A, I) is transversal and that ¢4 is flat.

Lastly, we shall prove the statement under the assumption that (A,I) is transversal and that ¢4 is
flat. Choose a (p, I)-completely polynomial A algebra P with a surjection of A-algebras P — R, form the

cosimplicial object ( F{ @ }/\) in (R/A) computing pg/4 as in Construction a Notice that we have an

identification of cosimplicial (p, I)-complete algebras A = P
Since we have reduced ourselves to the case where (A, I) is transversal and that ¢ 4 is flat, using Lemma
the natural morphism considered above gives rise to the following identification
~ ~ ) o - J% A~ ~
&) R (R/A) 8,0, AD dRA() 2 i (P (7)) 0 ABA AR
Fe-Je

= lim ((F'{ )8 re g PB4 dRAU)A) = lim dRGo 0, = ARz s

as desired. Let us comment on the identifications above. Here we have used the cosimplicial replacement
(A, ) = (F*, ppe) in the second identification. The second-to-last identification is provided by Lemma
and the last identification is because of Proposition 2.19] O

Remark 3.6. In this paper we have only defined Frobenius action on dR” /4 under the assumption of A
being a p-torsionfree §-ring. Now suppose (A, I) is a p-torsionfree prism, by Remark we see that the
chain of identifications in ((3) is compatible with Frobenius. Consequently, the identification in Theorem
is compatible with Frobenius in a functorial manner.

We expect however that one can remove the p-torsionfree condition with additional work in developing the
framework of “derived d-rings”. However since the primary interest of this paper is in the case of p-torsionfree
prisms, we choose to not pursue that level of generality here.

Below let us conclude two consequences from Theorem

Corollary 3.7. Let (A, I) be a bounded prism. For any p-completely smooth A/I-algebra R, there is a natural
isomorphism in CAlg(A):
RI' (R/A)®4p, A®AA = Rl rys(R/A),
which is functorial in AJ/I — R and satisfies base change in (A,I).
Proof. This follows from Theorem simply base change along the morphism dR(I)" — A, and by

Proposition we have
dR% /4 ®ara(nr A = Rlerys(R/A).
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Remark 3.8. By chasing diagram, one verifies that the following diagram of isomorphisms:

¢% (RD (R/A)@ 44, ABAA) = ¢ (Rl erys(1R/A))

if 3
05 (RT (R® 4,04 A)/A) — = RTerys((R/D @ a/(p1),.00 A/ (9, 1)) [ A)

is commutative, since all comparisons here are expressed in terms of various explicit envelopes. Here these
arrows are given by:

(1) « is Frobenius pullback of the arrow in Corollary

(2) B is the base change of prisms p4: (A, 1) — (A,p);

(3) ~ is the crystalline comparison for crystalline prisms [BS19, Theorem 5.2];
(4) € is the base change of crystalline cohomology.

A bounded prism (A, ) is called a PD prism, if there is a PD structure 7 on I, compatible with the
canonical one on (p).

Corollary 3.9. Let (A,1,7v) be a bounded PD prism. Then for any p-completely smooth A/I-algebra R, there
is a natural isomorphism in CAlg(A):

RI (R/A)ééAAPAA = RFCYYS(R/(A7 I, 7))7
which is functorial in A/I — R and satisfies base change in (A, I).

Here RIcrys(—/(A, I,7)) denotes the crystalline cohomology with respect to the p-adic PD base (4, I,7).

Proof. The additional PD structure gives us a section A — A, which makes the composition of
A—dRsa(D)" - A— A

being identity. Take the functorial isomorphism in Corollary [3.7] and base change further along A — A gives
us

Rl (R/A)®a,p, A2 Rl ey (R/A)S AA,
and the latter is naturally isomorphic to Rl ¢rys(R/(A,I,7)) due to base change in crystalline cohomology
theory. O

Remark 3.10. (1) Any derived p-complete §-ring A with bounded p-torsion together with the ideal (p) is a
PD prism. In this situation, our Corollary is simply the crystalline comparison in [BS19, Theorem 1.8.(1)].

(2) The left hand side of this comparison does not depend on the PD structure v on I, whereas the right
hand side a priori does. Therefore this comparison tells us that the right hand side also does not depend on
the PD structure ~.

We can “globalize” these comparisons to general quasi-compact quasi-separated smooth formal schemes
over Spf(A/I).

Theorem 3.11. Let (A, ) be a bounded prism. Let X — Spf(A/I) be a quasi-compact quasi-separated smooth
morphism of formal schemes. Then we have natural isomorphisms in CAlg(A):

RI' (X/A)®a,,ABadRA(I)" = RI(X,dR" ,);
and
Rl (X/A)® 4,4, AD4A 2 R ¢y (X/A).
If (A, 1,v) is a PD prism, then we have a natural isomorphism in CAlg(A):
RE (X/A)® 4,44 A = Rlerys(X/(A, 1,7))-

All the isomorphisms above satisfy base change in (A,I). Moreover, if X is also proper over Spf(A/I),
then all the completed tensor products above may be replaced by tensor products.
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Proof. Since X is assumed to be quasi-compact and quasi-separated. These cohomologies are computed by a
finite limit of the corresponding cohomologies of affine opens of X. Because completed tensor commutes with
finite limit, the comparisons here follow from Theorem Corollary and Corollary

To justify the replacement of completed tensor with tensor, just note that RT' (X/A) is a perfect complex
of A-modules for smooth proper X — Spf(A/I), see the last sentence of [BS19, Theorem 1.8]. O

3.2. Functorial endomorphisms of derived de Rham complex. Throughout this subsection, we assume
(A, I) to be a transversal prism, in particular we have dR4(I)" = A and dR/I\%/A = Rl s (R/A) where R is
any p-adic formally smooth A/I-algebra, see Proposition

In this subsection, we aim at understanding all functorial endomorphisms of the derived de Rham complex
functor, under this transversality assumption. In particular we shall see that the functorial isomorphism

RT (R/A)®ap, ARadRA(1)" — dR} /4,

appearing in Theorem is unique if we assume (A, I) to be a transversal prism. In order to show this, we
need to first extend the natural isomorphism to a larger class of A/I-algebras.

Construction 3.12 (c.f. [BS19, Construction 7.6] and [BMS19, Example 5.12]). Fix a bounded prism
(A, I), consider the functor R +— dRj /4 on p-completely smooth A/I-algebras R valued in the category of
commutative algebras in the oo-category of p-complete objects in D(A). Left Kan extend it to all derived
p-complete simplicial A/I-algebras, which is nothing but the p-adic derived de Rham complex relative to A,
still denoted by dR/ /a- Let us record some properties of this construction:

(1) Since R is an A/I-algebra, the dR% /4 1s naturally a dRE\A /1)/A-algebra. Hence we may actually view
the functor as taking values in the category CAlg(dRa(1)").

(2) The formation of dR/ /4 commutes with base change in A.

(3) Below we shall see that, following the reasoning of [BMS19, Theorem 3.1 and Example 5.12], the
association R +— dRjp /4 defines a sheaf on the relative quasisyntomic site qSyn, ;.

(4) By left Kan extending the natural isomorphism obtained in Theorem we get an isomorphism of

sheaves:
D aBadRa(D)" = AR} 4,
which is compatible with base change in A. Here g} A= R/ A® A,p4 A is the Frobenius pullback of

the derived prismatic cohomology.
(5) Moreover if we assume that (A, I) is a transversal prism, then for any R which is large quasisyntomic
over A/I, the value dR]A;z /A 1s p-completely flat over A and lives in cohomological degree 0.

Let us justify the claim (3) above.
Proposition 3.13. The association R — dez/A defines a sheaf on the relative quasisyntomic site qSynA/[.

Proof. Let R — S be a quasisyntomic cover of objects in qSyn 4,7, with Céch nerve S®. Our task is to show
dR} /4 = limper dR. /a- Since both sides are p-complete, we may check this after derived modulo p. Below
we shall always use —/p to denote derived modulo p .

Now we follow closely the argument in [BMS19, Example 5.12], correcting a typo thereof. First there is a
functorial exhaustive increasing N-index filtration, i.e. the conjugate filtration, on dRg/4 /p = dR(r/p)/(4/p)
with graded pieces given by (/\7(:R/p)(1) L(r/p) /(4/p) =] (and similarly for dR(AS./p)/(A/p)). Here (—/p)M)
denotes the base change along the Frobenius on A/p, and the loc. cit. has a typo of not adding this Frobenius
twist. For a discussion of p-complete derived de Rham complex and conjugate filtration in the realm of
animated rings, we refer readers to [KP21l p. 33-35].
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We stare at the following diagram (with its S® analogs in mind):

R R/p (R/p)™)

] |

AJT— (A/T)/p =25 ((A/1) /p) D) = (A/17) /p

] |

A Afp—2 A,

Note that every square above is Cartesian. Base change property of cotangent complex implies that these
graded pieces (/\7(;R/p)<1) L(r/p) /(a/p))[—i] (and their S* analogs) can be identified with:

(1) either ARLg)a[~i] ®r 0ap«(R/p)M;

(2) or ANRLp/a ®a pa/p«(A/p),
where the A-module (resp. R-module) structure on @4, .(A/p) (resp. @a/p.(R/p)V) is given by the top
and bottom row of the above diagram.

The identification (1) above implies that all these graded pieces live in D=~!. Indeed, ALLp /A[—1i] as
an R-module has Tor-amplitude in [0,], and (R/p)(") is flat over ((A/I)/p)}) = (A/IP)/p which lives in
[~1,0], so (R/p)™) lives in DZ~'. Similar statements for S® hold as well. Hence we are reduced to checking
these graded pieces satisfy the descent property, here we are using the reasoning of [BMSI9, last sentence of
Example 5.12|. Now using the identification (2) above, we are reduced to flat descent for “tensored” wedge
powers of cotangent complex, see [LM21], Proposition 3.2] (which is itself a generalization of [BMS19, Theorem
3.1]). O

PA/p

Recall that an A/I-algebra is called large quasisyntomic over A/I (see [BS19) Definition 15.1]) if
e A/I — R is quasisyntomic; and
e there is a surjection A/I(X;/p | j € J) - R where J is a set.

The following is inspired by [BLMIS| Sections 10.3 and 10.4], and our proof is a modification of the proof
thereof.

Theorem 3.14. Let (A, I) be a transversal prism, and assume that Spf(A/I) is connected. Then
(1) The mapping space
Endgny(gsyn,, ,,,CAlg(A)) (dRﬁ /a,dR% A)
has contractible components given by a submonoid in N. In particular, the automorphism space has

only one contractible component given by identity.
(2) The automorphism space

Autsny(asyn , ;. CAIg(A/1) (dRﬁ/(A/mv de/(A/I))
has only one contractible component given by identity.

Since A/p — A/(I,p) is a locally nilpotent thickening, we get that Spf(.A) is also connected. In particular,
the only idempotents in A are 0 and 1. It is easy to see that the statement concerning automorphism spaces
for these functors hold true without the connectedness assumption, as on each connected component the
automorphism must be identity.

Proof. The assertion that all components are contractible follows from the fact that on the basis of large
quasisyntomic over A/I-algebras, the sheaves dR” /4 and dR” /(a/1) are discrete.

All we need to check is that there are not many functorial endomorphisms (resp. automorphisms) for these
two sheaves. Since (2) follows from the same proof as that of (1), let us only present the proof of (1) here.
To simplify notation, let us denote the set of functorial endomorphisms by End(dR” / 4). By restriction, any
functorial endomorphism induces a functorial endomorphism of the functor restricted to the subcategory
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of A/I-algebras of the form A/I(X}ll/poo | h € H) for some set H. We denote the latter monoidal space by
End(dR” /4 |pert), all of whose components are also contractible by the same reasoning. By definition there is
a natural map
res: End(dRi\/A) — End(dRi\/A Ipert)
of monoids.
Now we make following three claims:

e the natural map res is injective;

e the monoid End(dRi\/A lperf) is & submonoid of Z; and

e the image of res is contained in N.

Below let us show the map res is injective. In other words, we need to show that any functorial endomorphism
of dRi\/A is determined by its restriction to the algebras of the form A/I(Xi/px | h € H) for some set
H. To see this, notice that qSyn,,; has a basis given by large quasi-syntomic over A/I-algebras. Any
large quasi-syntomic over A/I-algebra S, by definition, admits a surjection from an algebra of the form
A/I(Xll/poo | 1 € L) for some set L. By choosing a set of generators {f; | j € J} of the kernel, we may form a
surjection (c.f. [BSI9 proof of Proposition 7.10])

8= A/X)T YT e Lje DY - £ |G €T > S Y0,

This induces a surjection of shifted cotangent complexes: Lg/ a[—1] — Lg a[—1], therefore it induces a
surjection of p-adic derived de Rham complexes: dRg, /A ™ dRj /a- For any such S, we have

ng’/A = DA<X11/P°° ,Y;l/poo\leL,jELD (}/J - f] | j € J)A7
i.e. p-completely adjoining divided powers of Y; — f; for all j € J to .A(Xll/poo , le/poo |leL,jeJ). Since Ais
p-torsionfree, any endomorphism of dR, /4 is determined by its restriction to A(X ll/ PR YMPT leLjed ).

J
Lastly, we know that applying dR” /A functor to the map

A/IXPT Y el jed)— S
exactly induces the natural map
AXPT YT e Lije ) = dRgya.
Therefore we know that any functorial endomorphism of dR” /4 must be determined by its restriction to

algebras of the form A/I(X}ll/poc | h € H).

Next, let us try to understand End(dR” /A |perf) and show it is a submonoid of integers. Consider a
functorial endomorphism f. It is determined by its restriction to the one-variable “perfect” A/I-algebra
R = A/I{XY?P"). We know dR]A;,/A =~ A(X'/P™). Suppose f(z) = > ieN[1/p) a; X" € A(X'/P7). Consider
the map R — S = A/I{Y'/?™ Z1/P™) sending X* ++ Y*Z’. This map induces the corresponding map
AXYPTY — A(YV/P™ ZV/PT) which also sends X' +— Y?Z'. Now the functoriality of the endomorphism
tells us that f(YZ) = f(Y)- f(Z). We immediately get a? = a; and a; - a; = 0 for any pair of distinct indices
i,7 € N[1/p]. By connectedness assumption of Spf(A/I), we see there is at most one index i € N[1/p], with
nonzero a; = 1. To see there is at least one nonzero a;, we use the map R — A/I given by X* ~ 1 for all
i € N[1/p].

We want to show the i € N[1/p] got in the previous paragraph defining the functorial endomorphism f
must in fact lie in p%. Assume i = —% where ¢ is an integer coprime to p. Now we contemplate the map
R — S given by X ~ lim, (Y'/?" 4 Z/P" )" it induces a map of dR" ,, with the image of X given by the
same formula. Functoriality of f implies that we have

(hin(yl/zﬂ" + Zl/p")

n—N

)¢ = lim(Y*/?
n

n—N n

+ Z4r >

pn—N

Reduction modulo p tells us that
N N N N o oo
(yl/p + Z/p ) = ytrT gt ¢ Fp[yl/p ,Z\/p ],
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forcing ¢ = 1. Therefore we see that End(de/A |perf) C p%, i.e. it is a submonoid inside Z.

Finally let us prove the image of res lands in p". We want to rule out negative powers of p. To that end
consider R — R/(X), which induces the map of p-adic derived de Rham complex:

R = A(XYP") = 8= D 4 x1m0 (X)".

Here the latter denotes the p-complete PD envelope of the former along the ideal X, and this is the natural map.
Take a positive integer j, and we need to argue that X — X/?" on R does not extend to an endomorphism
of S. Suppose otherwise, then the extended endomorphism of S must send X? to X plfj, but X7 is divisible
by p in S whereas X?'” is not (here we use the fact that j > 0), hence we get a contradiction.

The only invertible element in the additive monoid N is 0, corresponding to X +— X ®) = x , hence the
only functorial automorphism of dR” /4 1s identity. 0

Remark 3.15. Let (A,I) be a transversal prism. Then

(1) By the same argument, there are not many functorial homomorphisms from ¢* dR” /A to dR? JA-

Similarly, these are determined by its restriction to R = A/I(XY/?™). If we require the restriction
sends X to XP?, then there is a unique one given by Frobenius constructed in Section [2.3] Therefore
in a strong sense, there is a unique Frobenius.
(2) Due to previous remark, we see the comparison in Theorem must be compatible with Frobenius.
(3) It is unclear which positive integer ¢, corresponding to X — XP?" can occur as a functorial endomor-
phism. When A/(p,I) has transcendental (relative to F,) elements, then none of these can occur.

This can be seen by considering the map R — R/(X — a) for some lift a of the transcendental element
ae Af(p,]).

Consequently we get the following uniqueness of the functorial comparison established in Theorem [3.5]
readers shall compare with [BS19, Section 18].

Corollary 3.16. Fizx a transversal prism (A,I). There is a unique natural isomorphism of p-complete
commutative algebra objects in D(A):

RI' (R/A)®4.p,A®aA = Rl crys(R/A),
which is functorial in the p-completely smooth A/I-algebra R.

Proof. The existence part is given by Theorem [3.5] we need to show uniqueness. Suppose there are two
such functorial isomorphisms. Then consider the composition of one with the inverse of the other, we get a
natural automorphism of the functor dR_,4 = RI'¢;ys(—/A) on smooth A/I-algebras. By left Kan extension,
this will induce a natural automorphism of the functor dR_,4 on quasisyntomic A/I-algebras. We conclude
by Theorem that this automorphism must be identity. O

Corollary 3.17. Let C be an algebraically closed complete non-Archimedean field extension of Qp, and
let (A, I) be the associated perfect prism (denoted as (Aing,ker(6)) in literature). Then the comparison
in Theorem @ is compatible with the crystalline comparison over A = Acys of the AQ-theory obtained
in [BMSIS]. Concretely, the following diagram of isomorphisms is commutative:

Rl (R/A)®a,p, AD A REcrys(R/A)

| |

AQ(R)@AA chrys((R/p)/A)a

where the left vertical arrow is given by [BS19, Theorem 17.2] and the bottom horizontal arrow is given
by [BMS18|, Theorem 12.1] or [Yaol9].

Proof. This follows from the uniqueness statement in Corollary [3.16] O
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Both sides of the isomorphism obtained in Theorem after completely tensoring A/Z = A/I over A,
are naturally isomorphic to dR7% /(a/n)- For the left hand side this follows from the de Rham comparison of
(Frobenius pullback of) the prismatic cohomology:

D5 48 ~ O 5 i~
E{)A®AA®AA/I: R/A®AA/I:dR/I%/(A/I)5

where the last equality follows from [BS19l Theorem 6.4 or Corollary 15.4]. For the right hand side this is
just the base change of the derived de Rham complex (or base change of crystalline cohomology and the
comparison of de Rham and crystalline cohomology for smooth morphism). We observe that similar argument
as above forces these natural isomorphisms to be compatible with each other.

Corollary 3.18. Let (A,I) be a transversal prism. The following triangle of natural isomorphisms

AN
dRR/(a/1)

1R
1R

) ABAABAA/T = ARy 4 ®4A/I

is a commutative diagram.

Proof. Observe that all three natural isomorphisms are functorial in R, hence going around the circle produces
a functorial automorphism of dR/ J(A/I)-

Now we argue as in the proof of Corollary [3.16} using Theorem [3.14] we may conclude that this functorial
automorphism must be identity. Hence the above diagram must commute functorially. O

4. FILTRATIONS

Throughout this section, we assume (A, I) to be a transversal prism and let (A,Z) be the p-adic PD
envelope of A along I. By Theorem for any p-completely smooth A/I-algebra R we have a functorial
isomorphism:

©*(RI'" (R/A))@4A=dRp) .
All objects involved here have interesting filtrations, they are: Nygaard filtration on *(RI" (R/A)), I-adic
filtration on A, PD ideal filtration Z[* on A, and Hodge filtration on dRjp /a- In this section, we discuss how
these filtrations are related.

Unless otherwise specified, we shall use R to denote a general A/I-algebra, and S will be used to denote a
large quasi-syntomic over A/I-algebra (see the discussion right after Construction .

Let us briefly remind readers how these filtrations are defined and their properties.

4.1. Hodge filtration on dR% /a- Recall that RT¢ys(R/A) is the cohomology of the structure sheaf Ogys
on the (absolute) crystalline site (R/A)crys. The crystalline structure sheaf admits a natural surjection to the
Zariski structure sheaf, whose kernel is an ideal sheaf Z.,,s admitting divided powers. Concretely, given a
PD thickening (U, T), with U a p-adic formal Spf(A)-scheme with an Spf(A)-map U — Spf(R) and U — T
a p-completely nilpotent PD thickening, then we have Ocrys |(v,r)= Or and Zeys |(w,ry= ker(Or — Oy)
which is a PD ideal sheaf inside Ocys. For any integer r > 0, we get a natural filtration on RI¢ys(R/A)

given by RfcryS(R/A,I(EZLS). Results of Bhatt [Bhal2l Section 3.3] and Illusie [III72, Section VIII.2] help us to
understand this natural filtration in terms of p-adic derived de Rham complex and its Hodge filtrations.

Theorem 4.1 (see [Bhal2l Proposition 3.25 and Theorem 3.27] and [II72] Corollaire VIII.2.2.8], see also [GL21]
Theorem 3.4.(4)]). Let R be a p-completely locally complete intersection A/I-algebra. Then there is a natural
identification of filtered By, -A-algebras:

(dR% /4, Filiy) = (RTerys(R/A), Rl erys (R/A, TLL)).-
Here Fil}; denotes the (derived p-completed) Hodge filtration on dR’ /4> whose graded pieces are given by
griy (AR 4) = TR (Ls/a[-1)),
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where I'* denotes the derived divided power algebra construction and ILJALz /A denotes the derived p-completed

cotangent complex of R over A. The triangle A — A/I — R now gives us a triangle relating various
p-completed cotangent complexes:

R@A/]I/Iz[l] g RQ@A/IL?A/I)/A — L/I\{/A — L%/(A/I)’

where the (shifted) map R®4,,1/1* — LQ/A[—I] comes from the 4-algebra structure on dRIA%/A. Indeed the
multiplicativity of Hodge filtrations and the fact that /1% = T/ = gr}; (dRE\A /1)/4) naturally sits inside
gry (dR/é/A) giving rise to

grir(dR% /4) Agrg(dR(ﬂA/I)/A) gr(dR (/) 4) = gri(dRy 4),

which is identified with the shifted map R&,/,1/1% = L}, 4 [~1].

The above discussion naturally extends to all A/I-algebras via left Kan extension. We restrict ourselves
to those algebras that are quasisyntomic over A/I so that everything in sight is a sheaf with respect to the
quasisyntomic topology. Recall that a basis of the quasisyntomic site is given by algebras that are large
quasisyntomic over A/I (see [BS19) Definition 15.1]). Below we shall show that, on this basis, all these sheaves
have values living in cohomological degree zero. The proof is inspired by [BS19, Subsection 12.5].

Lemma 4.2. Let B be an Fy-algebra and let S be a B-algebra which is relatively semiperfect with Lg,g[—1]
given by a flat S-module. Then dRg,p and its Hodge filtrations all live in cohomological degree 0.

Proof. Using the conjugate filtration and Cartier isomorphism, we see that dRg,p (being its 0-th Hodge
filtration) lives in degree 0. On the other hand, we also know that the graded pieces of the Hodge filtrations
are given by divided powers I'g(Lg/p[—1]), hence all the graded pieces live in degree 0 as well. In order to
prove the statement about Hodge filtrations, we need to show the natural map dRg/p — dRg/p / Fily is
surjective (note that both sides live in degree 0 by last sentence).

To this end, we proceed by mimicking [BS19, proof of Theorem 12.2]. First we may replace B by the
relative perfection of .5, as the relevant cotangent complexes Lg,p and Lga) g are unchanged. Hence we may
assume B — S is a surjection, as S/B is assumed to be relatively semiperfect. Next, by choosing the surjection
F,[X, | b € B] - B and base change along the fully faithful map F,[X;, | b € B] — FP[X;/”QC | b € B], we
may further assume that B is semiperfect (as surjectiveness of a map can be tested after fully faithful base
change). In particular, any element in the kernel of B — S admits compatible p-power roots in B.

Now if the kernel is generated by a regular sequence, then the map dRs g — dRg/p / Fily is identified
as Dp(S) — Dp(S)/J!"! where Dg(S) denotes the PD envelope and J['l is the 7-th divided power ideal of
J =ker(Dp(S) — S). Therefore dRg,p — dRg,p / Filyy is surjective by this concrete description.

Lastly given any such surjection B — S, call the underlying set of its kernel by I. Then we look at the
surjection of B-algebras

S:=B[X"" |iel]/(X;|icI) — 5,
where X 11 /P is sent to (the image of) a compatible p-power roots of the corresponding element f; € I in S.
We have that the induced map Lz, p[—1] = Ls,p[—1] sends X; to f;, hence is a surjection. Therefore we get

that the map gr}‘{(ng/B) — grip(dRg/p) is a surjection. Since S is a quotient of a relatively perfect algebra
over B by an ind-regular sequence. Applying (filtered colimit of) what we proved in the previous paragraph,
we get that dRg /B dRgz /B / Filjy is also a surjection. Looking at the following commutative diagram

dRg, dRs/p

i l

we conclude that the right arrow must be surjective, which is what we need to show. O
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Lemma 4.3. Let S be a large quasisyntomic over A/I algebra. Then all of the Hodge filtrations on ng/A and
ng/(A/I) are given by submodules, equivalently all the filtrations and their graded pieces are cohomologically
supported in degree 0. Moreover the Hodge filtrations of ng/(A/I) are p-completely flat over A/I.

Proof. Derived modulo p, we see that the first claim follows from Lemma Also we see that dRg /(A/T)
dRj /(ayn) / Filf is surjective. So the statement of p-completely flatness of dRjg /(a/n) and its Hodge filtrations
now follows from p-completeness of dRg /(a/n) and the graded pieces of its Hodge filtrations. Using conjugate
filtration and Cartier isomorphism, both p-completely flatness follow from the fact that Lj J(A/T) [—1] is
p-completely flat over S and S is p-completely flat over A/I (as S is large quasisyntomic over A/I). O

Since dR’ /4 is naturally an A-algebra for any A/I-algebra R, the filtration on A by the divided powers of
T gives rise to another functorial decreasing filtration on dR% A

Fil7(dR} ) = AR} 4 @4Z0.
We caution readers that this is not the Z-adic filtration, as we are using divided powers of Z instead of

symmetric powers. A basic understanding of these filtrations are given by the following:

Lemma 4.4. All of these Fil}(dRQ/A) are quasisyntomic sheaves, whose values on large quasisyntomic over
A/I algebras are supported in degree 0. The graded pieces are given by

gr7 = dR% (a1 ®4/r I /Tl .
Proof. The statement about graded pieces follows from the following chain of identifications
gry = ARy 0 BT /T 2 ARG 4 @A A/T® 42T /T = dR Y 1) @4 T /ZIHY,

where the last identification comes from dRﬁ}/A QAT = dR/I\%/(A/I) (c.f. [GL21l Proposition 3.11]) and
A/Z = A/I. In particular, these graded pieces are given by dR} /(a/n) twisted by a rank 1 locally free sheaf

on Spf(A/I), hence are quasisyntomic sheaves themselves.
Since dR% /4 and all these graded pieces are quasisyntomic sheaves, each Fil7 is also a quasisyntomic sheaf.
If S is large quasisyntomic over A/I, then ng /4 and all these graded pieces are supported in cohomological
degree 0 by Lemma [{.3] By induction, in order to show the filtrations are in degree 0, it suffices to show
ng/ 4 @AT = ng/ 4 @AZ /T is surjective for any r, which follows from the right exactness of
p-complete tensor. O

The filtration Fil}(dR?{/A) is a disguise of the Katz—-Oda filtration Filgo(dReya) discussed in [GL21],
applied to the triple (A - B — C) = (A — A/I — R). More precisely, we have
Fil7 dR% /4 = Filgo (AR g )"

We refer readers to the Subsection 3.2 of loc. cit. for a general discussion of additional structures on the
derived de Rham complex of A — C' when it factorizes through A — B — C.

Let R be an A/I-algebra. By p-completing the double filtrations obtained in [GL21 Construction 3.12],
we see that dRIA% /A can be naturally equipped a decreasing filtration indexed by N x N:

A
Fil"/ (AR 1) = <F11§<O Filf; (AR, A))

The following proposition will describe Fil*/ (dR% /4) and declare its relation with the two systems of filtrations

Fily dRIA%/A and Fily dez/A.

Proposition 4.5. Let R be an A/I-algebra. Then:
(1) For any j, we have an identification Filo’j(ng/A) = Filﬁ(dR%/A).
(2) For each pair 0 < j <1, we have an identification

Fil"/ (AR 4) = Fil7(dR% ) 4)-
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(8) For each pair 0 < i < j, we have a natural identification
Cone(Fil”l’j(dez /4) — Fil"/(dR%, A)) = Filfy " dRpyayn @ayrT (1) 17).
Moreover this identification is compatible with
Cone ( Fil'"""/(dRp,4) — Fil"/ (AR /A)> —>Fill; " AR} /) Dyl S (1/1%)

i |

Cone(Fil”l’O(dR}Q/A)—>Fili’0(dRAR/A)> —— ARy (ayn) ©@ayily ,, (1/1%).

(4) The association R — Fili’j(dRIA{/A) defines a sheaf on the quasi-syntomic site of A/I for any (i,7).

Proof. For (1): this follows from the [GL21, Construction 3.12], Fil®/ is the p-completed j-th filtration on
dRR/A ®@dr. (1) Fil% (dR 4 (1)) dRpg/4. Since this is a filtered isomorphism, we see that this is nothing but
p-completed j-th Hodge filtration on dRp/ 4, hence it is FilZ; (AR /a)-

For (2): this follows from the [GL21, Construction 3.9]. Indeed, the inequality j < ¢ implies that the
Fil’ of each term showing in [GL21, Construction 3.9] is the whole term. Hence the colimit just gives
dRR/A ®@dr. (1) Fili;(dRA(I)) back. After p-completing, we see that by definition we have Fil*/ (dRQ/A) =
Fil7(dR% /4)-

(3) follows from p-completing [GL21l, Proposition 3.13.(1)].

For (4): first we claim the associations R ~— Filfj (dR sa) and R — Fily, (dRp /(a/1)) define sheaves for
all m and n. For m = 0 this is Proposition and for n = 0 this is [BMS19, Example 5.12|. Induction
on m and n reduces us to showing the sheaf property of graded pieces, which are given by /\E]LIA% / 4[—1] and

A%L/I\% /(A I)[fz']. p-Completing [BMS19, Theorem 3.1] gives the desired sheaf property of these graded pieces.

Fix a natural number j, then by (1) we see that Fil% is a quasisyntomic sheaf. Each graded piece with
respect to %, by (2) and (3), is also a sheaf. Therefore we see that by increasing induction on %, each Fil*’
defines a sheaf. O

To understand these sheaves more concretely, we look at their value on the basis of large quasisyntomic
over A/I-algebras.
Proposition 4.6. Let S be a large quasisyntomic over A/I algebra. Then:
(1) For any pair (i,5) € N x N, the Fili’j(ng/A) is concentrated in degree 0, and the natural map
Fil* (ng/A) — ng/A is injective.
(2) For any j, the natural map
Filf; (dRg,4) — Filf; (ARG, (a1
s surjective.
(8) For each pair 0 <1i < j, we have an equality:
J
Fil"I (AR, ) = 3 (FﬂﬂH—T dR%, 4 -I["]) ,
where Fill;" AR, 4 -Zl" denotes the image of Fil; " dRG 4 ®AZI") — ARG, 4, and the sum is inside
the algebra ng/A.
(4) We have another description:

Fil'"I (ARG, ,) = (Fit} dRY,, ) 0 (FilzdRY,, )

where the intersection happens inside the algebra dRQ«/A.
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Proof. Proof of (1): we shall prove by decreasing induction on i. When j < i, by Proposition (2) we see
that Fil*’ (ng/A) = Fillz(ng/A), which is concentrated in degree 0 by Lemma By Proposition (3),
the graded pieces with respect to ¢ are all concentrated in degree 0 by Lemma his in turn implies that,

o All of Fil™J (ng/A) are in degree 0 for any (¢, j); and
e We have short exact sequences:

0 — Fil'"*"/ (ARG, ) — Fil"/ (dR§/4) — Fil; " dR% a/r) @ /1T ), (1/17) = 0.

In particular Fil”l’j(dR@ /a) — Fil"/(dR§,,) is injective. Using Proposition [t.5] (1) and Lemma [4.3] we
see that the map Fil®J (ng/ 4) = Filﬁ(ng/ 4) — ng/ 4 1s also injective. Therefore the composition
Fili’j(ng/A) — ng/A is injective as well for any (4, j).

(2) follows from the short exact sequence obtained in the previous paragraph, specializing to i = 0.

(3) follows from the combination of (2), Proposition (3), and the fact that p-completed tensor is right

exact.

For (4): first notice that this is true for ¢ = 0, due to Proposition (1). Next let us look at the
commutative diagram in Proposition (3). Since the right hand side is an injection, we see that the map

Fil"/ (ARG 4)/ Fil'* 17 (dRG, 4) — Fil"*(dRg, )/ Fil'T (ARG )
is injective. Therefore, by Proposition (2), we know that
Fil't 9 (R, 4) = (Fﬂw’ (dRY, A)) N (Fﬂg,“ dRj, A) .
By increasing induction on ¢, we may assume
Fil'J (AR} 1) = (Fﬂ{I dR3, A) N (Fﬂj’T dR, A) .
Hence we have

Fil'+19 (AR ) = (Fﬂ{{ dR, A) N (Fﬂg, dR3, A) n (Fﬂ?l(ng/ A)) - (Fﬂ{{ dR, A) N (Fil?l dR, A) .
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Let us draw a table to summarize these filtrations on dR7 JA:

R L%/(A/z)[—l] (AZLg/a/n)"—2]
A/l ; Mo®4/1No Mo® 41 N1 o Mo® a1 N2
7/71% o My ®4,1 No g Mi®4,r N = . Mi® 4,1 N>
712 /78] . - MQ@)A/IN() o " M2<§>A/IN1 = - M2<§)A/1Nz

In the diagram above, M; = 711 /Tl+1] and N; = (/\%LR/(A/I))/\[—j], for i, 7 € N. Here rows indicate graded
pieces of the filtration Fil’7, and each term in i-th row indicates the graded piece of the induced filtration on
ng/(A/,) @A/IFQ/I(I/IQ). The skewed dotted line indicate the Hodge filtration on dRQ/A (given by things

below the dotted line). See also [GL21] p.10].
As a consequence we get a structural result on the graded algebra associated with the Hodge filtration on
dR} JA-

Lemma 4.7. There is a functorial increasing exhaustive filtration Fil] on the graded algebra gri“{(de% / 4) by

gmded-(gr}A = FZ/I(I/IZ))-submodules with graded pieces given by

gr? (erin(dR7y ) = (s ca/n) =008 as T (/1)
Here (/\%]LR/(A/I))A[—Z'] has degree i and the above is a graded isomorphism.

We refer to this filtration Fil} on gri;(dRp /4) as the vertical filtration from now on, c.f. [GL21} Construction
3.14]. This choice of name is because the Fil} is literally the filtration given by vertical columns in the table
before this Lemma.

Proof. Use the above table one can see this directly. Equivalently, we may use

i (ARp) 2= (TR(Lisal-1)
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and the triangle
R 1/1% — Lral=1] = Lija/n[-1]-
O

Remark 4.8. Let (A,T) be a general bounded prism, and let S be a large quasisyntomic over A/I-algebra.
Combining Theorem Construction (4), and [BS19, Theorem 15.2.(1)], we can see that ng/A is
p-completely flat over dR 4 (I)".

Below is suggested to us by Bhatt. Using conjugate filtration and the same argument of Lemma [£.7], we
can give an alternative proof of this fact. Indeed we can check this after mod p, hence we shall assume A to
be p-torsion. Next we want to appeal to the conjugate filtrations on both algebras: we have the following

pushout diagram:

T AJIP Rf)
A AJT R

There is a similar functorial increasing exhaustive filtration on the graded algebra of the conjugate filtered
dRg,4, with graded pieces given by (/\%(ULR(”/(A/IP))[—i]@A/[pF*A/Ip(I”/Izp). It is flat over I/, (IP/1?%7),
which is the conjugate graded algebra of dR4(I). Lastly we conclude by recalling that an increasingly

exhaustive filtered module of an increasingly exhaustive filtered algebra is flat if the graded counterpart is flat.

4.2. Nygaard filtration. Recall in [BS19, Section 15], there is a natural decreasing filtration of quasisyntomic

)

subsheaves on * /A called the Nygaard filtration with the following properties:

Theorem 4.9 (see [BS19, Theorem 15.2 and 15.3] and proof therein). Let S be a large quasisyntomic over
A/I algebra. Then

(1) The Nygaard filtrations Fily on S/)A are given by p-completely flat A-submodules inside 591/),4'

(2) We have an identification of algebras (Sl/)A/I % ng/(A/I), under which the image of Nygaard filtration
becomes the Hodge filtration.
(3) For each i > 0, we have a short exact sequence:

0= Fily )y @al —Filt ) — FilitdRpysr — 0.
Let R be a general quasisyntomic A/I-algebra. On 5%1} , there is also an [-adic filtration Filj

531/),4 ®a4 I", by Theorem [4.9| (2), we identify the graded pieces as

1) .
RJA T

T ~ 1 T T ~ T
gry = EQ}A/I ®@ayr I/ 1™ = AR a1y @ay1 Symly 1 (1/17).
The I-adic filtration and the Nygaard filtration are related by the following. For any (i,7) € N x N, we define
Fil ), =Fil" Q@4 I,

where we adopt the convention that Fili\l g/) A= g; 4 if 1 <0. One checks easily that this puts a decreasing

filtration on g) , indexed by N x N. This filtration has very similar behavior as the Fil"/(dRp /4) studied in
previous subsection. The following is the analogue of Proposition
Proposition 4.10. Let R be an A/I-algebra. Then:

(1) For any j, we have Fil®J g/)A = Filf'\I g/)A.

(2) For each pair 0 < j <1, we have

i (D~ (D
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(8) For each pair 0 < i < j, we have a natural identification
1% j 1 1.7 1 ~ i1 —i i
cone<F11 i), Fil™d ;}A> = Fill (AR} 4/ 1)) ©a/1 Sym'y 1 (1/1%).
Moreover these identifications fit in the following commutative diagram:

Cone<Fﬂi+1J g;A — Fil™d g;; A> — Fill; (AR} (/1)) ®ay1 Sym'y (I/1%) .

| |

Cone(Fil”l’o G4 — Fil g;;A) —— dR % (a/1) @ay1 Sym'yr(1/17)

(4) The association R+ Fil" S}A defines a sheaf on qSyn ,,; for any (i, 7).

Proof. (1) and (2) follows from definition. (3) follows from Theorem (3). (4) follows from (3). O

Proposition 4.11. Let S be a large quasisyntomic over A/I algebra. Then:

(1) We have an equality:

J
i (1 i 1 -
FilY (= (R G- 1)

r=i

1

where the sum is inside the algebra §/A"

(2) We have another equality:
i, (4 17 1 i (1
Fil*/ (S/)A = (Fllf\I fs/)A> N (FllI fs/)A> ,

1)

where the intersection happens inside the algebra §/A"

Proof. The proof is similar to Proposition (3) and (4). Notice that Fill (sl/)A — Fﬂ{{(dRQ/(A/I)) is

surjective by Theorem (2). O

We can express all these structures on 531} 4 in the following graph similar to what was drawn in the

previous subsection. One observes that the distinction is just that divided powers of I/I? get replaced by
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symmetric powers of /2.

R L ca/n[=1 (ARLR/(a/n)" (=2
A/T : Mo®4/1No o Mo® 41Ny 7 Mo®a,rN>
1/ - b. My ®a/tNo . o M@ 471N o - M;@4/1N2
I2/[3 - - M2®A/1NO E : 1\42@14/12\]1 = - M2®A/IN2

Here rows indicate graded pieces of the filtration Fil}, and each term in each row indicates the graded piece
of the Hodge filtration on dR/ﬁ /(a/1)- The skewed dotted line indicate the Nygaard filtration on 5%1} 4 (given

by things below the dotted line).

Also as a consequence we get a structural result on the graded algebra associated with the Nygaard filtration

1)
on  piy-

Lemma 4.12. There is a functorial increasing exhaustive filtration Fil{ on the graded algebra gr( g}A) by
graded- (grf A= Sym} (1/12)) -submodules with graded pieces given by

v * 1 ~ (A a5 *
gr; (ng( EQ}A)) = (AgLr/a/n) [=i1@a/r Sym’ ,; (1/1%).

Here (/\%]LR/(A/I))A[—Z'] has degree i and the above is a graded isomorphism.

We also call this filtration Fil{ on gri ( g) ) as the vertical filtration from now on.

Proof. This follows from Theorem (3), see also the proof of Lemma O

4.3. Promote to filtered map. Recall that we use (A, I) to denote a transversal prism. For the rest
of this section, we shall use (B, J) to denote a general bounded prism. By Theorem we have a map

g} 5 dR]A% /B functorial in B/J — R. The goal of this subsection is to show that this map can be promoted
to a filtered map where the left hand side is equipped with the Nygaard filtration and the right hand side is

equipped with the Hodge filtration. Our plan is:
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show certain rigidity of the map being filtered;

show the map is filtered when the base prism (A, I) is transversal;

show the map is filtered when the algebra R is large quasisyntomic over B/.J of a particular type; and
show the map is functorially filtered when R is a p-completely smooth B/J-algebra, and hence finish
the argument by left Kan extension.

Fix a natural number 7. The main diagram that we shall stare at in this subsection is:

@) Fil} M,

gi fi
v v
Filjj —— dR — Q2
viewed as a commutative diagram of sheaves on qSyng /- Here Q1,; and @)2; are the cones of the natural
maps, so both rows are distinguished triangles of quasisyntomic sheaves. All the solid arrows are defined: for
instance, the middle vertical arrow is given by Theorem Our main task is to show that one can fill in the
dotted arrows f; and g; making the diagram commute.
We first need a few lemmas to illustrate that the situation is pretty rigid and there is at most one choice of
these dotted arrows.

Lemma 4.13. Let S be a large quasisyntomic over B/J algebra, then the values of

Fll;\la (1)a Ql,ia and Q2,i
at S are concentrated in cohomological degree 0.

Proof. The first three follows from how they are defined, see [BS19, Subsection 15.1]. The claim for Qs ;
follows from the fact that L§ / pl—1] lives in cohomological degree 0. O

Lemma 4.14. Let S be a large quasisyntomic over B/J algebra. Then,

(1) there is at most one choice of f; making the right square of commute;
(2) if S — T is a morphism of large quasisyntomic over B/J algebras, and suppose f; are defined on both
of them, then the diagram

Q1,i(S) —=Q1:(T)

l/fi(S) lfz‘(T)

Q2,i(S) — Q2,i(T)
is commutative;

(3) the existence of f;(S) is equivalent to the existence of g;(S) making the left square of [F] commute;
(4) the gi(S), if exists, must be unique.

Proof. (1): suppose there are two of them, and take their difference. Since precomposing with SV Q1,; of

this difference is the zero map OREN (Q2,; due to commutativity, the difference must factor through Filf\l[l].
But Hom(Filg[1],Q2.;) = {0} by cohomological considerations in Lemma Hence the difference must be
zero.

(2): the argument is similar to (1). The difference of the two arrows from Q1 ;(S) to Q2,(T") will again
factor through Filg (S)[1], hence must again be zero.

(3): just apply TR3, notice that the two rows of [-] are exact triangles.

(4): similar to (1). The difference of two possible g;(S)’s factors through an arrow Fili (S) — Q2.:[-1](S)
which is again zero by cohomological considerations. 0

After knowing the rigidity of our situation, we shall start proving the existence of f; following the plan
outlined above.
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Proposition 4.15. Let (A, I) be a transversal prism, and let S = A/I(Xll/px,. o e Y/ (f1,. .., fr) where
(f;) is a p-completely regular sequence. We have Filg 59/)A C Fily ng/A.
Proof. When ¢ = 0, there is nothing to prove, when ¢ = 1, the triangle in Corollary gives us a commutative

diagram

S

N

(1) A
S/A dRS/Aa

since the kernels of these two surjections define the first Nygaard and Hodge filtrations respectively, we
see the containment for ¢ = 1. For general i, we prove by induction. Let us look at the induced map
g: Filk (S ja dRj /a/ Fil;. We first notice that by induction and I C Z the submodule I - Filg " (51/) A

is sent to zero under g. By multiplicativity and the containment for i = 1, we have that Sym®(Fily g/) )

is also sent to zero under g. Now we use Theorem (3) to see that Fily /I - Filii! is identified with
Fili; ng/(A/I) and the image of Sym’(Fily gl/)A) becomes Sym’ (Filg ng/(A/I)), so we get an induced map

g: (Filﬁ ng/(A/I)/Symi(Fil%{ ng/(A/I))) — ng/A/Filﬁ. But the source of this map has its p-power
torsions submodule being p-adically dense and the target of this map is p-torsionfree and p-adically complete,
so the map § must in fact be zero. This proves the containment Fily C Fily; as claimed. O

The following is inspired by [BS19L Subsection 12.4].

Proposition 4.16. Let (A,I) be a transversal prism, then for any p-completely smooth A/I-algebra R, the

map g)A — dRIAQ/A can be promoted to a map of filtered algebras. Moreover this lift is functorial in the

A/I-algebra R, hence left Kan extends to all animated A/I-algebras.
Proof. For any surjection A/I{(Xy,...,X,) — R, the ring
R= A/I<X11/p s XA QA T(X, X0y B

is large quasisyntomic over A/I and Zariski locally of the form considered in the previous proposition.
Therefore the map %; — dR}A% /A is canonically filtered: (Zariski locally) existence follows from the previous
proposmon Zariski glue as well as uniqueness is provided by Lemma The same applies to all terms of
the Cech nerve R® of R — R.

The filtered cosimplicial rings ( ) Fie/a and dRA Fe/a computes the filtered rings % and dRA R/A separately.
By Lemma [£.14] we get a map of filtered cosimplicial rings.

This construction is independent of the choice of the surjection A/I{X,...,X,) — R: adding extra
variables to the X;, one gets a square of maps between filtered cosimplicial algebras, we use Lemma to
see the maps commute for each term associated with [m] € A. Since the category of such surjections admits
pairwise coproducts, it is therefore sifted. The naturality in R follows from exactly the same argument. This

way we get the desired functorial map. O

Now we turn to the general situation where the base prism (B, J) is not necessarily transversal. We
bootstrap the previous two propositions.

Proposition 4.17. Let S = B/J(Xll/poo, XA Y/ (f1, ..., fr) where (fi) is a p-completely regular se-
quence. Then there exists f;(S) and g;(S) makmg the dzagmm commute.

Proof. We shall utilize the knowledge when the base prism is transversal. Without loss of generality, let us
assume (B, J) = (B, (d)) is oriented: Zariski locally it is oriented, and the locally defined f;(.S) and ¢;(S) will
necessarily glue due to Lemma

Following a private communication with Illusie, let us define a transversal prism (A, (a)) together with a
surjection of prisms (A4, (a)) — (B, (d)) as follows. Let

A= Zy{ap; b € BH{O(xa) "},

Td,p)
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be given by first adjoining a free -variable corresponding to each element in B to Z, together with an inverse
of the 0 of the variable corresponding to d € B, completed in the end with respect to (p,z4). Denote a = z4.
Then (A, (a)) is a transversal prism, and there is an evident surjection of prisms (4, (a)) — (B, (d)).

Consider the surjection A/a(Xll/pm7 . 7X%,/pm> — B/J(Xll/pac7 . ,X}/poc} and lift the clements f; to f;.
Let

S = Kos(A/a(X[*" . XMPTYFL ).

We have § = § ®%A/a) B/d. We know the analogous map for S/(A/a) exists, thanks to Proposition

Since both Nygaard and Hodge filtrations satisfy base change, we may base change the maps for S /(A/a) to
obtain our desired maps for S/(B/b). O

Following the same reasoning as in the proof of Proposition one obtains the following:

1

Proposition 4.18. For any p-completely smooth B/J-algebra R, the map 1%/13 — dR]A%/B can be promoted

to a map of filtered algebras. Moreover this lift is functorial in the B/J-algebra R, hence left Kan extends to
all animated B/ J-algebras.

Proof. The argument is exactly the same as Proposition note that Lemma applies to general
bounded base prism (B, J). O

Remark 4.19. Fix a bounded base prism (B, J). Any such functorial filtered map is determined by its effect
on p-complete polynomial algebras, by left Kan extension. Then by quasisyntomic descent, such a functorial
filtered map is determined by its effect on a basis of qSyng, ;, such as the full subcategory generated by large
quasisyntomic over B/J algebras. Therefore Lemma implies that there is at most one such functorial
filtered map. Combining with the above proposition, we have both existence and uniqueness of it.

Remark 4.20. Following the way these filtered maps are constructed, we have certain compatibility with
base change: Let R be an animated B/J-algebra, let (B,J) — (C,JC) be a map of bounded prisms and
denote R’ := R ®H;3/J C/JC, then the filtered map for R’'/C arises as the filtered map for R/B base changed
along B — C. Indeed it suffices to prove this when R/(B/J) is p-completely smooth. Then one simply
notices that a surjection B/J(X1,...,X,) — R base change along B — C will give rise to a surjection

C/JC(Xy,...,X,) — R

4.4. Comparing Hodge and Nygaard filtrations. We again use (A, I) to denote a transversal prism, and
use (B, J) to denote a general bounded prism. All sheaves referred to in this subsection are viewed as objects
in Shv(qSyny ;) or Shv(qSynp, ;) depending on the context. Combining Theorem and Proposition m,
we get a natural map of sheaves of filtered rings:

1 10\ D 1@ 1@
( (—}BvFllN)(g)(B,J')(dRE\B/J)/BaFIIH) — (dR% 4, Filgy),

which is an isomorphism on the underlying sheaf of rings. Our objective in this subsection is to show that the
above map is an isomorphism of sheaves of filtered rings.

Our plan is again to first understand the case of transversal base prism, then bootstrap to general base
prisms. Let us begin by discussing the case of transversal base prism.

Theorem 4.21. Let S be a large quasisyntomic over A/I algebra.
(1) The map fgl/)A — ng/A is injective.
(2) We have
Fily ), = (Filz R ) 0 ( §)a)
(8) We have

Fili ), = (Fﬂg dR3, A) N ( S}A) .
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(4) For any i, the natural map .(91/),4/ Fil}; — ng/A / Filly is an injection of p-torsionfree modules, whose
cokernel is (i — 1)!-torsion. Hence multiplying by (i — 1)! gives a natural map backward and compose
the two maps in either direction is the same as multiplying by (i — 1)!. In particular, the natural map

(/ Filly — dRY,, / Fily
is an isomorphism for any i < p.

(5) The induced map gr qu/)A — gy dRQ/A is compatible with the vertical filtrations on both sides, and the

induced map on the graded picces of the vertical filtrations (NsLsa ) [—i]@a,r Sym’y ,(I/1%) —
(/\iSIL,S/(A/I))A[—i]@A/II‘*A/I(I/IQ) is given by id® 4,1 (gr] A — gry A).

Contemplating with R = A/I suggests that our estimate in (4) is sharp.
Before the proof, let us remark that p-completely tensor over A with an A-module is the same as (p, I)-
completely tensor. This is because I? A C pA.

Proof. (1): the map is given by (p, I)-completely tensoring the inclusion A — A with (Sl/) 4 over A. Since

591/),4 is (p, I)-completely flat over A, see Remark we get the injectivity of gl/)A — ng/A.
(1)

(2): clearly we have I" /A contained in ZI"T dR§ /4 To check the equality of intersection, it suffices to show
the induced map E,;}A/IT — ng/A /T is injective. But this map is given by (p, I)-completely tensoring

(1)
5/A

flatness of

with the inclusion A/I" < A/Z"] over A, so we get the desired injectivity again by (p, I)-completely

(1)
5/A

(3): it suffices to show that the induced map g: (51/),4/ Fill, — ng/A / Filly is injective. The I-adic and

over A.

Z!*l-filtrations on each side induces maps of graded pieces as
ARG (ar) / Filly @4/ 1" /T = dRG 4 1y [ Filfy @ 4207 /20001,

Here we have used Proposition (3) and Proposition (3). We conclude that the map g is injective as
dR§/ (4,7 / Filfj is p-completely flat over A/I for any j and the natural map I'~9 /"= — li=a1jzli=i+1 g
injective.

(4): injectivity follows from the previous paragraph. Let S = A/I (Xll/ P11 e Ly/M, with each element
m € M corresponding to a series f,,,. Below we shall not distinguish m and f,,. Consider

S = AJIX}PT YT le Lime MY/ (Yo — fmim € M) = /(Y — frim € M).

There is a surjection S’ — S of A/I-algebras, sending powers of Y;,, to 0. This induces a surjection on ]LQ/A,
hence also a surjection on dR” /- Therefore it suffices to prove the statement for S’

Now we know dRQ, /A 1s given by p-completely adjoining divided powers of I and Y,, — f,, to S , and the
i-th Hodge filtration is given by the ideal p-completely generated by those degree-at-least-i divided monomials.

Since the image of g,)/ 4 contains S already, it suffices to show that (i —1)! times those degree-less-than-i

divided monomials lies in S , which follows from definition.

(5): since the generating factor (A5Lg,(a,1))"[—i] of both vertical filtrations comes from the i-th graded
piece of the Hodge filtration on dRj, 4 1y (via modulo I and Z respectively), our statement follows from the
commutative triangle in Corollary g

The above statements can be immediately extended to our desired statement via several reduction steps.

Corollary 4.22. Let R be a B/J-algebra. The natural map of filtered algebras:

1 e\ e .
( %}ByFllN)®<B,J-)(dR(AB/J)/B,FﬂH) — (AR} 4, Fily),

is a filtered isomorphism. In particular, filtrations on the left hand side define quasisyntomic sheaves.

We refer readers to [GL21), 3.8-3.10] for a discussion of the filtration on tensor of filtered modules over a
filtered algebra. Here we use ® to mean that we derived p-complete the [GL21] Construction 3.9].
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Proof. We make a few reduction steps. First of all, both sides are left Kan extended from the case of p-complete
polynomial algebras, therefore it suffices to show the map is a filtered isomorphism when R = B/J(X1, ..., X,).
Secondly, it suffices to prove the statement Zariski locally on Spf(B/J), hence we may assume (B, J) is
oriented. Now we look at the universal map from universal oriented prism (A", ) — (B, J). Let R
be the corresponding p-complete polynomial algebras over the reduction of the universal oriented prism. By
Remark one sees that the filtered map for R is the base change of the analogous map for R, Therefore
we are finally reduced to the case where the base prism (A, I) is transversal and R is a p-completely smooth
A/I-algebra.

Since the underlying algebra is an isomorphism by Theorem it suffices to show the induced map of
graded algebra is an isomorphism. By derived p-completing [GL21, Lemma 3.10], we see that the graded
algebra of left hand side becomes

* (1) = *
gra( R/A)®Symf4/1(1/12)FA/I(I/Iz)'
Now we invoke the vertical filtrations on graded algebras of both sides, see Lemma [£.7] and Lemma [£.12]
1)

The vertical filtration on gry( R/A) induces an increasing filtration by (_)(gsyn]z/l(I/IQ)FZ/I(I/_IQ)’ and our

morphism induces identifications

v * 1 > * ~ v *
et (% W Bsms 0y Ty (/1)) =t (iR )

for all 7. Here we have used Theorem m (5). Since these vertical filtrations are increasing, exhaustive, and
uniformly bounded below by 0, we conclude that the natural map

* (1) > * *
gry( R/A)®Sym2/I(I/IQ)FA/I(1/12) — griz(dR%4)
is also an isomorphism. O

In particular, we can specialize to the case of quasi-compact quasi-separated smooth formal schemes over

Spf(B/J).
Corollary 4.23 (c.f. [IlI20, Theorem 2.9]). Let X be a quasi-compact quasi-separated smooth formal scheme
over Spf(B/J). Then we have a natural filtered isomorphism:
e, (1 ~ ey e
(ch Fil} ( (}B»)@(B,J-)(dR?BN)/B,F11H> = RI(X, Filf (AR ));
they are furthermore naturally filtered isomorphic to RFcrys(X,I(E;%,S) if (B,J) is transversal. Similarly
whenever © < p, we also have natural isomorphisms
RT(X, U),/Filk) = RO(X,dR" ,, /Fill);
and are furthermore naturally isomorphic to RT crys(X, Ocrys /Tirys) if (B, J) is transversal. These isomorphisms
are functorial in X, and satisfies the base change property as in Remark[].20,

Proof. These functorial isomorphisms are provided by Corollary and Theorem :4.21 (4) respectively. The
furthermore equality, when the base prism is transversal, follows from Theorem [£.1] O

Remark 4.24. Back to the transversal base prism case. A posteriori the filtration on the left hand side of
Corollary [£:22] is a quasisyntomic sheaf, hence we may define it as the unfolding of its restriction to the basis
of large quasisyntomic over A/I-algebras. Also a posteriori, we know the value on such an algebra S must be
concentrated in cohomological degree 0, therefore they have to be the image of the augmentation map

Fil'(§4®z,4) = dRY 4,
where the filtration on the left hand side is given by the usual Day convolution. This implies an equality
an < i 1 n—i
FIIH(ng/A) = Z (FllN( (S/)A) 1! ]>,
i=0
which also follows from combining Proposition (1), Proposition (3), and Theorem (2).
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Therefore, for any 0 < r < p — 1, we see that the Frobenius on derived de Rham complex when restricted
to the r-th Hodge filtration

Filj; (dRG/4) 2 dRS) 4

factors through multiplication by p”. Since for large quasisyntomic over A/I-algebras S, the ng /A 1S
p-completely flat over A (see Remark which is p-torsionfree, we may uniquely divide the restriction ¢ by
p". By unfolding, this gives rise to divided Frobenii as maps of sheaves on qSyn, ;:

@p: Fil(dRY 4) = dR” 4.

By definition, they also satisfy ¢, ‘Fingrl = ppr+1 when r < p—2. Following the same argument of Theorem
see also Remark [3.15] such a functorial divided Frobenius is unique for each 0 <r < p — 1.

When (A, I) is the Breuil-Kisin prism, this gives rise to an alternative definition of the divided Frobenii
appeared in [Bre98| p. 10].

5. CONNECTION ON dR” /g AND STRUCTURE OF TORSION CRYSTALLINE COHOMOLOGY

From this section onward, we focus on the Breuil-Kisin prism A = (&, F) and crystalline cohomology over
S = dR(AQK /- Let k be a prefect field with characteristic p, and let K be a finite totally ramified extension

over Ky = W(k)[%] with a fixed uniformizer 7 € Of. Fix an algebraic closure K of K and let C be p-adic
completion of K. Write G := Gal(K/K) and e = [K : Ko|. Let E = E(u) € W(k)[u] be the Eisenstein
polynomial of 7 with constant term agp, recall & := W (k)[u] is equipped with a Frobenius ¢ naturally extends
that on W (k) by ¢(u) = wP. Pick m, € O so that mp = 7 and ﬂ'fH_l = p. Then 1 := (m,)n>0 € Of. We
embed & — Ajys via u +— [r] which is a map of prisms. Let K = U K(m,) and G = Gal(K /K. It is

clear that the embedding & C Aj,¢ is compatible with G, —actlons We extend ¢ from & to S and let Fil™ S
be the p-adic closure of the ideal generated by ~;(F) := l, -,i > m. We embed S < Ay also via u — [z].
For m <p—1, o(Fil™S) C p™S. We set ¢, := p“’ Fil™ S — S. Similar notation also applies to Acrys.
Write ¢ := %? € S*. Finally, there exists a W (k)-linear derivation Vg : S — S by Vg(f(u)) = f'(u).

For n > 1, if M is an Z,-module then we always use M,, to denote M/p™M. Similar notation applies to
(p-adic formal) schemes: i.e., X, := X Xgp(z,) Spec(Z/p"Z). Write W = W (k) and reserve ;(-) for the i-th
divided power.

5.1. Connection on dR” &+ Under the philosophy that derived de Rham cohomology behaves a lot like
crystalline cohomology, one expects there to be a connection on dR” /&- We explain it in this section.

Lemma 5.1. Let R be an Og-algebra. Then the natural morphism de{/W[u] — dRQ/G is an isomorphism,
where R is regarded as an & and Wu] algebra via Wu] - & — Og — R.

Proof. Just notice the following p-completely pushout diagram:

S Ok R

]

Wu) —— Ox —=R
and appeal to the p-completely base change formula of derived de Rham complexes to get
dR% /wiu @wiw® — dRY /s -

Next we observe that dR7% /W 1S an S = ngK /wu-complex and S@)WMG =5, hence the base change on
the left hand side gives dR Jwiu back. O
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Construction 5.2 (see also [KOGS8|). For any Wu]-algebra R, by (p-completely) applying [GL21, Lemma
3.13.(4)] to the triple W — Wu] — R, we see that there is a functorial triangle in filtered derived co-category
of W-modules:
AR /w (u) W i) Qg yw (=1 = AR jw — AR% ) -
Here erzv[u] /W[—l] is completely put in the first filtration. By choosing the generator du € Qllxv[u] W the
above becomes o
dR% /w — dR% jwiu) — dRR jw i (—1),
where (—1) indicates the shift of filtrations: Fili(de{/W[u](—l)) = Filﬁ_l(de{/W[u]). When R is smooth over
W{u], then V is given by Lie derivative with respect to %:
Viw)=L 2 (w).
Lemma 5.3. Let R be an Ok -algebra. Then we have a functorial triangle in the filtered derived oco-category:
v
Moreover we have
puP~t ooV =Vop,
where @: dR]A;z/G — dR%/G is the Frobenius defined in Section .
Proof. The first statement follows from Construction and Lemma [5.1
To check the equality, by left Kan extension it suffices to check it for the polynomials. Then by quasisyntomic

descent, it suffices to check the equality for large quasisyntomic over Ok algebras. Following the proof of
Corollary [3.16] we are reduced to showing the equality for algebras of the form

R=0x(X}/"" V" |ieljen))(V;—f|ie)=R/(Y;—f|i€J).
Now the map R — R induces a map between dR” /& given by

SX}PT YT JieLje ) =T = Dr(Y; — fi35 € I)N

2

Here S is the p-complete PD envelope of & along (E) and the latter denotes p-completely adjoining divided
powers of (Y; — f;) in T. Since Dy (Y; — f;:j € J)” is p-complete and p-torsionfree, it suffices to check the
identity on T. On T, the Frobenius ¢ acts by sending variables X, Y, u to their p-th power, and V acts via
3%. Finally we are reduced to checking the equality

0 0
Pl —(F(u, X,Y)) ) = =— (o(F(u, X, Y
p e (GuF X YD) ) = 5L (A X)),
for any F(u, X,Y) e T. O
Consequently, for any Og-algebra R, we always have a long exact sequence:
i i V. i 1
() - = HI(dR ) — H'(dRp /e) — HI(dRR /e (1)) = ...

and its r-th filtration analogues for all » € N. In special situation, these will break into short exact sequences.
Let us introduce some more notation. Let L be a perfectoid field extension of K containing all p-power roots
of 7. For instance L could be p-adic completion of K, or C. Let Aj,¢(L) = W((’)bL) be Fontaine’s Aj,¢ ring
associated with L, and recall there is a natural map 0 := Aj,s(L) — Or. Fix a compatible system of p-power
roots of 7, we obtain a map & — Ajn¢(L) with u — [7] compatible with 6 and the inclusion Ok — Of..
Proposition 5.4. With notation as above. Let R be a quasisyntomic O -algebra. Then we have

(1) The natural map dR/}\z/W — dR/}c/AM(L) is a filtered isomorphism.

(2) The sequence B3 and its r-th filtration analogues break into short exact sequence:

0 — H'(Fily dR% ) — H'(Fili; dR% /) Yy Hi(Fil;T AR, /s) =0,
for alli and r. In particular AR} o Y dRY e (—1) s surjective on each H', and
R/& R/S

H'(dR%,w) = H' (dRp/6) V.
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Proof. (1) is [GL21l, Theorem 3.4.(2)].
As for (2), it suffices to show that the maps H*(Filf; dR?{/W) — Hi(Filf dRIAg/G) are injective for all ¢ and
r. By functoriality, we have maps of filtered algebras

dR/l-\?,/W - dRIA%/G - dRIA-‘c/Ainf(L)

whose composition is a filtered isomorphism by (1). Therefore the first morphism factorizing isomorphism
induces injection at the level of cohomology. This explains why the long exact sequence (3 breaks into short
exact sequences. The last statement follows easily by letting » = 0. 0

5.2. Structures of torsion crystalline cohomology. Let X be a proper smooth formal scheme over Og.

Let us summarize the structures on H,  (X/S) := H{,  (X/S, Ocrys) constructed from previous sections.

By Corollary [£.22 and Theorem [4.1] we obtain the following commutative diagram.

RFqSyn (X7 9}6) chrys (X/S7 Ocrys)

o |

R gsyn (X, FilY 1) — Rl ays(X/S, zhl)

—— 5L Rl (X/6)

Here the second isomorphism of the first row follows the canonical isomorphism RT'qsyn (X, —/s) ~ RI' (X/6)
and the fact that ¢ : & — & is flat.

For m < p—1, Remark M allows to us to define yp-semi-linear map ¢, :
so that the following diagram commutes for m+1<p—1

crys(X/S I'L?;L’]b) - Hérys(X/S)

X/8,Thm) s (X/5S)

cryb

| /

X/8, it

cry:a(

Cl‘ys(

= ppm-1. It is also clear that for any s € Fil™ S

v (X/8, )
and z € H?

crys

(X/S) we have

pm(s7) = (1) m(s)pn(E(u)"z).
Finally, the above subsection construct a connection V : Hi, . (X/S) — HL.  (X/S). By Proposition [5.4] and
Lemma we conclude that

(1) V: Hzcrys(X/S) — H.,,(X/S) is W (k)-linear derivative satisfying
V(f(uw)z) = f'(w)z + f(u)V(2)

(2) (Griffiths Transversality) V(HL,,.(X/S, Icryb)) factors through H
(3) The following diagram commutes:

x/8, 7k,

crys(

crys (X/S IiryS) e crys (X/S)

E(u)V\L \Lclv

crys (X/S I([J?}’L]S) crys (X/S)

The last diagram follows that puP~lp oV = V o ¢ by Lemma and that o(F) = pc;.
Now consider the p™ -torsion crystalline cohomology Hy,. (X, /Sy ) together with filtration Hf, (X, /S, IC[?;]S).
We claim that H! (X,/S,) admits all the above structures ¢,, : H’ (Xn/Sn,IcryS) — H' . (X,,/S,) for

crys crys crys

m < p—1and V : H. (X,/Sn) = H.L,(X,/S,) satisfying all the above properties. To see, note

crys
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that RT erys(Xp /S, Z0L) ~ RTqrys(X/S, THL) @F Z/p”Z Where T¥. = Oepys then all the above prop-
erties follow by taking ®57Z/p"Z, except the Diagram which requires torsion quasi-syntomic co-
homology. For this, we define the following torsion cohomologies For m > 0, RT4r(X,/G,, Filfy) =
RI4r(X/S, FllH) ®L Z/p" 7, RT qgyn (X /Gy, Fillt D) := RDgym (X /S, Fil “}G) ®z Z/p"Z, and finally
R (X,/6,) :=RI (X/6)®yzZ/p™Z. Then the derived modulo p™ version of Diagram still holds by
taking the original diagram and derived modulo p”.

5.3. Galois action on torsion crystalline cohomology. Keep the notations as the above. Set X to be
the base change of X to Spf Oc and X, := X ®7 Z/p"Z. Then H., (X, /S,) has an S-linear G g-action when
we define the Gg-action on S is tr1V1a1 Note that Hf:rys( 'n/Acrys n) also has Acys-semi-linear Gx-action
which is induced by G g-actions on X and Acys. By Proposition and its proof, we see that the natural
map W (k) = & — Aj,¢ induces the following commutative diagram

H; (Xn /Wi (k ))(% H; (Xn/Sn )<—)Hl (X /Sn)

crys crys crys

X lb \Ll
Hérys( n/Acrys,n) Hérys Tl/Sn) ®Sn Acrys,n-

Note that the second row is an isomorphism because X = X Xgpec(s) Spec(Acrys) and that Aepys p, is flat over
S,,. Thus 7 is an injection. So is . Also we note that a and 8 are both compatible with G g-actions because
both the map W(k) — & and W (k) — Ajn¢ are Gx-compatible. But ¢ is not as & C Aj,¢ is only stable
under Goo-action. It is also clear that H, (X, /Sn) C (Hi,y(Xn/ S,))¢% via @ and @ is also compatible with
connection on both sides. Now we claim the G g-action on H, (X /Acrys,n) is given by the following formula:

For any 0 € G, any 2 @ a € H.,((X0/Sn) @5 Acrys ~ Hipy (X /Acrysin),
(5.6) sz ® i (o([x]) — [x]) o(a).

To see this, for any © € M* := HéryS(Xn/Sn), set

= V(@) ym([m) — u) € Hiyo(Xa/Sn).
m=0

Then we immediately see that 2V € H, (X, /Wy (k)) = Hi, o (X,/Sn) V=0 Now we claim that HZ (X, /W, (k))
is generated by {zV|z € H.  (X,/Sn )} as an Acys-module. If so then ) follows the fact that 8 is G-
equivariant and the construction of xV (note that both z and u are G K—invariants).
To prove the claim, for any y € H, (X, /W, (k )), suppose that B(y) = >, a;i(z;) with a; € Acrys and
; € HL, o (X,1/S,). Then we see that yV := > aJx € HL, o (X0 /Wi (k)). Tt suffices to that check y = yV.
Slnce 3 is an isomorphism, it suffices to show that B(y) = B(y"). This follows that S(zV) = () for
2 € Hiyyo(Xn/Sn) as o([x] — u) = [x] — [x] = 0.

6. TorsiON KISIN MODULE, BREUIL MODULE AND ASSOCIATED GALOIS REPRESENTATIONS

In this section, we set up the theory of generalized torsion Kisin modules which extends theory of Kisin
modules, which is discussed, for example, [Liu07, §2]. The key point for the generalized Kisin modules is that
it may have u-torsion, and it return to classical torsion Kisin modules when modulo u-torsion.

6.1. (Generalized) Kisin modules. Let (&, E(u)) be the Breuil-Kisin prism over O with d = E(u) = E
the Eisenstein polynomial of fixed uniformizer m € Og. A p-module M over & is an &-module 9 together
pe-semilinear map @op : M — M. Write "M = 6 ®, s M. Note that 1 ® o : *IM — M is an G-linear
map. A (generalized) Kisin module M of height h is a ¢-module 9 of finite G-type so that there exists
an G-linear map v : M — ©*M so that 1o (1® p) = E" idg+om and (1®@ ) o) = Eidgn. Maps between
generalized Kisin modules are given by &-linear maps which are compatible with ¢ and ¢. We denote by
Modg’h the category of (generalized) Kisin module of height h.
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In [Liu07], A Kisin module 9 of height h is defined to be an étale ¢-module M of finite S-type so that

coker(1 ® ¢) is killed by E". Here étale ¢-module means that the natural map 9t — 6[%] ®Ra M is injective.
Since E(u) is a unit in &[1], we easily see that the étale assumption implies that (1 ® @) : ©*9M — M is
injective. Then existence and uniqueness of ¥ : 9 — ¢©*9M, in definition of (generalized) Kisin modules of
height h, then follows. That is, the Kisin module 9t of height h defined classically is (generalized) Kisin
module of height h. So in the following, we drop “generalized" when we mention the object in Modé’h. If we
need to emphasize M is also a Kisin modules of height m classically defined, we will mention that it is étale.

Lemma 6.1.

(1) Modé’h’ is an abelian category.
(2) M is étale if and only if M has no u-torsion.
(3) Qﬁ[%] is finite 6[%]—free,

Proof. (1) is easy to check because ¢ : & — & is faithfully flat. (2) It is clear from the definition that
if 9 is étale then it has no u-torsion. Conversely, let M[p>] := {z € M|p"x = 0 for some n > 0} and
M = M/M[p>]. We get the short exact sequence 0 — M[p>] — M — M — 0. It is clear that both
M[p>°] and M’ are objects in Modé’h and 91 has no u-torsion then both 9M[p>°] and M’ has no u-torsion.

Since M[p*°] is killed by some p-power, M & @[%] = M[L]. So M[p>] has no u-torsion if and only if that
M[p>°] is étale. Now D’ has no p-torsion, now we claim that IV [%] is finite (‘5[%]—f1ree7 which will implies
(3) and étaleness of M’. By [Fon90, §1.2.1], 93“('[%] ~@P 6[%]/Pi’“ with P; € W(k)[u], monic irreducible and
P; = v’ mod p, or P; = 0. Without loss of generality, we may assume that P; # 0 and show such 9 does

not exist when M € Mod‘g’h. Consider wedge product 91 of Dﬁ’[%}, then 91 ~ 6[%]/]r with f = [[ P and
write ¢* := (1 ® ¢). We also obtain ¢* : ¢*90 — 9N and ¥ : M — ¢*N so that ¥ o p* = F(u)"idy-m and
¢* 01p = E(u)"idy for some h. Since p*MN =~ 6[%]/@@“), we can write the above maps explicitly as

SL1/o(h) S &L /T % 6l1/o())
p p p
Write = ¢*(1) and y = ¢(1). We have ¢(f)z = fz’ and fy = o(f)w’ for some z’,w" € &[+]. The condition
Yo' = E(u)"idy-o and ¢* o9 = E(u)"idy implies that ¢(f)E(u)" = fz and fE(u)" = ¢(f)w with
Z,w € 6[%]. So E(u)?" = zw. Since E(u) is an Eisenstein polynomial, z = zoE(u)! with zp a unit in 6[%].
Then ¢(f) = zofE(u)!=". We easily see zo € &* as both f and E(u) monic. So ! —h > 0 by mod p on the
both sides. Let ag = f(0) be the constant term of f(u). Since ¢(f)(0) = p(ag) = 20(0)app'~". Comparing
p-adic valuation on the both sides, we see that ag = 0. Then we may write f = u™g with ¢g(0) # 0. But then
we have uP™~™(g) = 209 E(u)! ", which is impossible by comparing constant terms on the both sides. In

summary, such 9 can not exist and 9V [%] is finite 6[%]—free. O

=T =

Let 9 be a Kisin module of height h and set M[u™] := {z € M|ulz = 0 for some [}. It is that both
(1 ® pom) (@*M[u>]) C M[u>] and »(M[u>]) C *M[u>]. The above lemma shows that M[u>] C M[p*]
and M/M[u>] is étale.
Lemma 6.2. The following short exact sequence is in Mod“gh

0 — Mu>] — M — M/Mu>*] — 0

with M/M[u>] being étale.
@,h
S, tor

of Mod‘é’h whose object 9N is torsion, i.e., killed by p™ for some n. The following Lemma is a part of [Liu07,
Proposition 2.3.2].

It turns out that étale Kisin module enjoys many nice properties. Let Mod denote the full subcategory

Lemma 6.3. The following statements are equivalent for a torsion Kisin module 9 € Modé’féor:
(1) M is étale.

(2) M can be written as a successive quotient of M; so that M; € Modé’féor and M; is finite k[u]-free.
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(8) M =N/N where N CN are Kisin modules of height h and ' and N are finite free G-modules.

Corollary 6.4. Give an étale Kisin module 9 € Mod‘é’h. There exists étale Kisin module 9, € Modé’h
killed by p™ satisfying 9 /p"M[L] = M, [1] and M = lim 9N,

u

—

Proof. Let M = M Qs 6[%] Consider the exact sequence 0 — p"M — M % M/p™"M — 0. Since M is
étale, we see the natural map 9t — M is injective. Set M, = ¢(M) C M/p"M. Tt is easy to check that
M, [=] = M /p"M[+] = M/p" M, 9M,, has no u-torsion and M = Hm D, (since M is p-adically closed in M).

1 1
u u

We just need to check that 91, has height h. This was proved by [Fon90, Proposition B 1.3.5]. O

In general, the category of étale Kisin modules is not abelian but under some restrictions it could be
abelian. Given I € Modé’fior, let M = M[u>, p| = {x € M[u>]| pxr = 0}.
Lemma 6.5. Ifeh <p—1 then M =0 and if eh < 2(p — 1) then M ~ Pk or 0.
Proof. So we have 1 : M — ¢*M so that ¥ o (1® ¢) = d"idy«pr. We can write M = @)L, klu]/u with
a; > 1, and then ¢*M ~ @71, k[u]/uP?. Assume that a = max;{a;} and let z € *M so that u”*z = 0
but uP?~ 1z £ 0. Since ¥ o (1 ® ¢) = uid«pr, we conclude that u®x € 1(M). Note that u*M = {0} and v
is k[u]-linear, we have wetehy = 0. This forces that a + eh > pa. That is, a < pe—fl. Hence such a can not
exists if eh < p— 1. If eh < 2(p — 1) then a =1 or 0. This proves the Lemma. O

Proposition 6.6. Ifeh < p—1 then Modé’h is an abelian category.
Proof. By Lemma [6.5] 9M[u>] = 0. O
Example 6.7. Let E(u) = u —p, M =k ~ k[u]/u and ¢(1) = 1. Let v : k[u]/u — k[u] /uP by ¥(1) = uP~!.
p—1
Then M € Mod&%,"
Let MM € Modé’h. Define Breuil-Kisin filtration on ¢*9t by
Fillc 0* 90 := Im(¢)p: M — ©*M).
In the case that 91 is étale then 4 is injective as explained above, and we have an identification
(6.8) Fillk o*M = {z € o*M|(1 ® ¢)(x) € E(u)M}

of submodules in *IM. Since there is only filtration considered for Kisin modules in this section, we drop BK
from the notation for this section. Finally there is pg-semi-linear map ¢ := ¢ @ ¢ : "M — P*M. It is clear
that @(Fil’ *I) C o(E(u))ie* M. If M is étale, then we define p; : Fil' p*M — o*M via

Lemma 6.9. Suppose that 0 — I — M — M’ — 0 is an exact sequence inside Modg’h and all modules
are étale. Then the following sequence is exact:

0 — Fil" o*0 — Fil" o*M — Fil" o*M” — 0
Proof. This easily follows that ¢* : Fil" ¢*0 — E"90 is bijective. O
Remark 6.10. The above Lemma fails in general if ¢ < h or if the modules are not étale.

6.2. Galois representation attached to étale Kisin modules. Recall that we fix 7, € K so that
7= (m,) € O and 1y = 7; Koo := U, K (mn) and G := Gal(K/Ko). We embed & — Ajy¢ via u — [].
This embedding is compatible with ¢, but not with the G g-action. We have & C A%,

For a Kisin module 91 € Modé’h, we can associate a representation of G, via

p=1

To (M) := (Mo W(cb))‘”:1 = (0/mfu] o W(C))
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So the Galois representation attached to 9 is insensible to u-torsion parts because % € W(C). Tt is

well-known that T is exact and there exists an W (C”)-linear isomorphism
M e W(C") ~ T (M) @z, W(C),

which is compatible with ¢ and G.-actions.
For many purposes, we define another variant Tg of Ts: For an étale 9 € Modé’h, we can naturally
extend ¢y, : Fil" *MM — ©*M to ¢, : Fil' 0*M @6 Ains — ©*M @ Ains.

pr=1
TE&(M) := (Fﬂh M e Ainf) = {z € Fil" ¢*M @6 Aunt, (@) = p(E(u)")z}.

Lemma 6.11. Assume that 9 € Modé’h is étale. Then
(1) TE(M) = Te(M)(R).
(2) The following sequence is short exact
0 —— TA(M) — Fil" "M @ Aint 2> "M D At —> 0
Proof. First it is clear that T (M) = (p*M @e W(C?))?=! because ¢ on W(C”) is bijective. Let pag be
the constant term of E(u). Let ¢ = (Cpn)n>0 € Of with (n satisfying ¢; = 1, Chn = (pn—r and (, # 1.
By Example 3.2.3 in [Liul0], there exists nonzero t € Aj, so that t # 0 mod p, ¢(t) = ay ' E(u)t and

t == loglg] = cp(t) with ¢ = ] @"(@) € Al . Write B = p(t). Consider map ¢ : T&(IM) — T (M)

crys”
n=1

by x +— Z for any z € Fil" 0*M @g Ains. Since ¢(B) = ¢(E(u))B, and B € W(C) is invertible as
t # 0 mod p, ¢ makes sense. Note that ¢ € (Aeys)®>. So g(B)/B = g(t)/t is cyclotomic character for
any g € Geo. So ¢ : TE(M) — Te(M)(h) is a map compatible with Goo-actions. We claim that T2 is an
exact functor. If so since T is also exact, to show that ¢ is an isomorphism, we can reduce to the case
that 91 is killed by p by Corollary In this case, M is finite kfu]-free. Picking a basis eq,...,eq of MM,
then wop(er,...,eq) = (e1,...,eq)A with a k[u]-matrix A so that there exists a k[u]-matrix B satisfying
AB = BA = (E(u))"I;. Let us still regard e; as a basis of ¢*9. Then it is easy to check that (ey,...,eq)B
is a basis of Fil" o*9. Now for any z = 26 ®a; € "M Py C’, the equation o(z) = z is equivalent to
0(X) = ¢(A) 71X where X = (a1,...,aq)". The latter gives p(8"X) = p(E(u)"A~1)(B"X) = ¢(B)(8"X),
which implies that Y = "X is in (O%)? That is y = Bhz € ¢*M ®k[u] OZ,. Furthermore, consider
Z = B7'p"X, since p(Z) = p(B~' A" 'E(u)")BZ = BZ. We conclude that Z has all entries in O%. Then
Bhz = (e1,...,eq)BZ is inside Fil® PM R (9%. This proves that ¢ is surjective. Since ¢ is clearly injective,
we show that ¢ is a isomorphism.

Now we prove the claim that TCZ is exact. For this, it suffices to show that ¢; — 1 is surjective and we once
again reduces to the case that 9 is killed by p. By writing the k[u]-basis of 9 as the above, we need to solve
the equation p(X) — BX =Y for any Y = (a1,...,aq)" for a; € Obc. Since C? is algebraic closed, we see X
exists with entries in C”. It is easy to compare valuation of each entry by equation ¢(X) = BX +Y to show
that all entries of X must be in (923.

O

6.3. Torsion Breuil modules. We fix 0 < h < p — 2 for this subsection. Recall that S = A is the p-adically
completed PD-envelope of 6 : & — O, u + m, and for i > 1 write Fil* § C S for the (closure of the) ideal
generated by {7,(E) = E™/n!},>;. For i <p — 1, one has ¢(Fil' §) C p'S, so we may define ¢; : Fil' S — S
as ; == p_tp. We have ¢; := p(ag 'E(u))/p € S*.
Let ’Modg’h denote the category whose objects are triples (M, Fil" M, ©n), counsisting of

(1) an S-module M

(2) an S-submodule Fil® M c M containing Fil" S - M.

(3) a @-semi-linear map ¢y, : Fil" M — M such that for all s € Fil" S and = € M we have

pn(sz) = (1) "on(s)on(E(u)"z).
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(4) @n(Fil" M) generates M as S-modules.

Morphisms are given by S-linear maps preserving Fil"’s and commuting with ¢p. A sequence is defined to be
short exact if it is short exact as a sequence of S-module, and induces a short exact sequence on Fil"’s. Let
Mod“g,’th . denote the full subcategory of / Modg’h so that M is killed by a p-power and M can be a written as
successive quotient of M; in ‘Mod¥ and each M; ~ @ S; where S,, := S/p"S.

For each object M € Modg’h, we can extend ¢, and Fil" to Acrys®g M in the following: Since Agrys/p™ Acrys
is faithfully flat over S/p™ by [CL19, Lem 5.6], Acys ®s Fil" M — Acrys ® M is injective and so we can
define Filh(ACrys ®s M) 1= Acrys @5 Fil® M and then ¢n, extends to Acrys ®s M. This allows to define a
representation of G, via

TS(M) = (Fﬂh(Acrys ®s M))wh::L'

Now let us recall the relation of classical torsion Kisin modules and objects in Mod??or and their relationship
to torsion Galois representations. Let Modé’féor « denote the category of étale torsion Kisin module of height
h. In this subsection, all torsion Kisin modules are étale torsion Kisin modules, i.e., 9 is u-torsion free. For
each such M, we construct an object M € Modgjfor as the following: M := 5 ®, & 9 and

Fil" M := {2 € M|(1® ¢)(x) € Fil" S @ M};
and ¢y, : Fil"® M — M is defined as the composite of following map

Fil' M -2 Fil" S @ M 225 S @, M= M .

We write M(IM) for M € ModﬁfOr built from Kisin module 9 € Modé’féor ¢« as the above. Note that
Acrys s M(m) = Acrys ®Lp,6 M.

Proposition 6.12. The above functor induces an exact equivalence between Modé’féor o ond Modgjfor. Fur-
thermore, there exists short exact sequence

(6.13) 0 —> Tg(M) — Agrys @5 Fil" M 275 Ay 95 M —— 0
and an isomorphism of G -representations
Ts(M(M)) = Te (M) (h).

Proof. The equivalence of functor together with exactness is [CL09, Thm 2.2.1], which built on Breuil and

Kisin’s results (see [Liu08, Proposition 3.3.1]). Consider an exact sequence in Modg,’thOr7

0O-M' > M- M —=0.

Then we have the following diagram

0 Ts(M") Ts(M) Ts(M') ———0

| | |

00— Aerys @5 Fil" M —— Appys @5 Fil" M —— Ay @5 Fil" M/ ——0

J/Soh—l \Lsﬁh—l J/sml—l

0—— Acrys s M/I I Acrys ®s M— Acrys s M/ ——0

By the definition of exactness in Mod‘éfor and since Agys/p™ is flat over S/p™, we see that last two rows of
the above diagram are exact. So to show ¢, — 1 is surjective on M, we reduce to situation that M is killed
by p. Also the surjectivity of ¢;, — 1 implies that the functor Ty is exact from the above diagram. So let us
first accept that pp — 1 is surjective and postpone the proof in the end.

Now let us construct a natural map ¢ : T&(9M) — Ts(M(M)). Write M = M(IM). It is clear that
Fil" o*9m c Fil® M () compatible with the injection *9M — M. But ¢}, defined on Kisin modules are
slightly different from that on Breuil modules. By chasing definitions, we see that for any = € Fil" "M,
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00 1
onm(®) = tonpom(z). Recall c = [] ap”(aof?(u)) € A,y in the proof Lemma|6.11} Since ¢(c) = c;¢, the
n=1

map ¢ : A Qg Fil” "M = Acrys @ M by 1(z) = ¢’z induces a map ¢ : Tg (M) = Tg(M).

To show that ¢ is isomorphism, since Tg, Ts and M are all exact, we reduce to the case that 91 is killed
by p where 90 is finite k[u]-free. As the same argument in Lemma there exists a basis eq,...,eq of
©*I so that Fil” *9 has basis (e1,...,eq)B, p(e1,...,eq) = (e1,...,eq)p(A) and AB = BA = E(u)"I,.
So any x € TE(9MM) corresponds to the solution of ¢(X) = BX. Since M = M(IM), it is straightforward
to compute that M also has S;-basis e1, ..., eq, Fil M is generated by (e1,...,eq)B and Fil” S; M. Note
that ¢; = 1 mod (p,Fil” ). So Tg(M) corresponds to solutions p(X) = BX mod Fil” A.ys1 where
Acrys,1 = Acrys/DAcrys. Now it suffices to show the following map is bijective

{X|p(X) = BX, z; € 05} — {X|p(X) = BX mod Fil® Aurye1, T € Acrysi}

Let v denote the valuation on (’)23 which normalized by v(u®) = 1. Suppose that X is in the kernel then
X € E(u)?O%. So v(zj) > p,Vj. Let z; be the entry with least valuation. Note that v(¢(z;)) = pv(x;)
for any j and Ap(X) = u®*X. The mini possible of left side valuation is pv(x;), while the the right side
is h + v(x;). This is impossible when v(z;) > p because h < p — 2. So this implies that X = 0. Indeed, if
v(x;) > 2 then the same proof show that X = 0. That is, if Xy, X5 are two solution in the left side and
X1 = X, mod E(u)? then X; = X,

Conversely, let Z be the vector inside Agpys1 so that ¢(Z) = BZ mod Fil” Acys1. Then there exists
Zy with entries in O} so that ¢(Zy) = BZy + FE(u)?C where C is a vector with entries in O}. Note
that E(u)? = E(u)P""BA. So we may write p(Zy) = B(Zo + E(u)?~"AC). Let Z; = Zy + E(u)P~"AC.
Then ¢(Z,) = BZ; + uP*P~M(C, with C; = —¢(AC). Note that pe(p — h) > pe > he. we can write
BZ; +uPete=h) ) = B(Z1 +u*AC) with o = pe(p — h) — h. Set Zy = Z1 + u* AC then p(Zs) = Zy + uP*Cs.
Continues this steps, we see that Z,, converges in O% to Z’ so that ¢(Z') = BZ' with Z' = Zy mod E(u)?~".
This settles the bijection of these two sets and completes the proof.

It remains to show that ¢, — 1 : Fil" M ®5 Acrys = M ®g Acrys is surjective and we may assume that
M = M(OM) with M killed by p. Now that M ®g Acrys = ©*M Qp[yg (9% + @*M D) Fil* Acrys1- By
Lemma (2), it suffices to show that for y = m ® a with m € ¢*M and a € Fil’ A1 there exists a
z € Fil" M @4 Acrys s0 that ¢p(x) —x = y. Since pp(a) = 0 for a € Fil? Agyys 1, then y = —z is required. O

Remark 6.14. If we combine the isomorphisms 7 : T (9)(h) — TE(M) — Ts(M(IM)) defined by z
Bha s (Be)'x = thx. The isomorphism 7 : Tg(IM)(h) ~ Ts(M(IM)) is natural in the following sense: Suppose
that 9 ®s Ainr has a Gg-actions so that G i-action is semi-linear on G g-action on A;,r and commutes with
won. Then this G g-action induces a G g-actions on M(IM) ®g Acrys compatible with Fil” and . Then both
Ts (M) (h) and Ts(M) has G g-actions and 7 is Gx-compatible isomorphism.

Regard both S as subring of Ko[u]. Define IS = S NuKy[u] and It = uS. Clearly we have a natural
map ¢ : M/IT — M(IM)/ITS. By dévissage to the situation that 97 killed by p, we obtain

Corollary 6.15. Let M € Mod%" Then we have

S tor ét -
lengthyy () (M(M)/17S) = lengthyy ) (M/ud) = lengthy (Ts(M(IM))) = lengthy (T (M)).

Now let us add one extra structure to Modﬁ:?or to make Tg(M) a G g-representation. Let Modﬁf C;YV denote

the category of the object (M, Fil" M, ¢y, V) where

(1) (M,Fil" M, ) is an object in Modg”ﬁ)r
(2) V: M — M is a connection satisfying the following:
(a) EV(Fil" M) C Fil" M.
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(b) the following diagram commutes:

Fil" M —25 M

(6.16) (u)V\L l
Filh M2 M
V

Let us explain the relationship between objects in Mod‘o h and Breuil modules studied in work of Breuil

and Caruso. Let Ng : S — S be W (k)-linear dlfferentlatlon so that Ng(u) = u. An object M in ModS tor 1
called a Breuil module if M admits a W (k)-linear morphism N : M — M such that :

(1) for all s € S and € M, N(sx) = Ng(s)x + sN(z).

(2) E(u)N(Fil" M) c Fil" M.

(3) the following diagram commutes:

Fil" M —"> M
(6.17) E(u)Nl i
Fil" M —"> M
Remark 6.18. Breuil and Caruso use convention Ng(u) = —u. In fact, there is almost no difference for

entire theory by using Ng(u) = u except for the formula (6.20)) need to change sign comparing with the similar
formula [Liu08, (5.1.1) |

Let Modg ?OrN denote the category of Breuil modules. There is a natural functor Modg’thorv — Modg ?Ozv by
define Nyq = uV. It is easy to chase the diagram to see this functor makes sense. So we also call obJects in
Modg)’tho’rv Breuil modules.

Now we can define a G g-action on M ®g Acys as in: for any o € G, any £ ® a € M ®@g Acrys, define
(6.19) ZW ® i (o([x]) — [x]) o (a).

We can also define a G g-action on M®g Acrys as in [Liul0l §5.1]: for any o € Gk, recalle(o) = % € Aint.
For any t ® a € M ®g Acrys, define B

(6.20) o(z®a) =) N'(z) ®7i(log(e(0)))o(a).

=0

where 7, (z) = ‘f—, is the standard divided power. We claim that ( and ( are the same formula. Let
us postpone the proof in §8.1] as the proof is just long combmatorlc calculatlon

Note that if 0 € G, then log(e(c)) =0 and o(z ® a) =  ® o(a). Thus Gg-action defined above (if it is
well defined) is compatible with the natural Gc-action on M ®g Acrys.

Lemma 6.21. The above action is well defined Acrys-semi-linear G -action on M ®g Acrys and compatible
with Filh(./\/l ®s Acrys) and op.

Proof. The proof of [Liul0Q, §5.1] essentially applies here. It is standard to check that is well-defined
map; it is Acrys-semi-linear-action on M ®g Agrys and compatible with Gg-action on Aeys; and Goo-acts
on M ®1 trivially. Tt is clear that log(g(c)) € Fil' Agys. So by that E(u)N(Fil" M) C Fil” M, we see that
U(Filh(M ®g Aarys)) C Filh(M ®s5 Acrys)- The only thing left to check is that ¢; commutes with G'x-action,
which can be reduce to check the following: write a = —log(g(c)) and pick z € Fil" M, we have

pn(vi(a) ® N'(2)) = vi(a) @ N*(¢n(@))-
It is clear that p(a) = pa. So ¢(vi(a)) = yila)er 'p(E(u)?). So the above equality is reduced to check
c1"on(E(u)!Ni(x)) = N(¢p(x)) and this can be check by induction on i. O
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Corollary 6.22. Given a Breuil module M € Modg’fo’iv, then Ts(M) (as a G -representation) extends to
a G -representation.

To summarize our section, we return to the situation of where M := Hl,,(X,,/Sy) is proved to admit
structures Fil' M? = HéryS(Xn/Sn,Ic[zr]ys), @i : Fil' M* — M® and V : M? — M?. Obviously, our axioms of

Mod‘g’ﬁ;rv is aimed at describing these structures of H ., (X,,/Sn).

crys

Definition 6.23. For i < p — 2, we call that H' _(X,,/S,) is a Breuil module if the quadruple

crys

(Hirys(Xn/Sn)ﬂ Hf:rys(Xn/Snv"Zc[ﬁys)v Py V)

constructed in is an object in Mod‘é’jé;j, which is equivalent to the triple

(Hérys(X’ﬂ/Sn)v Hirys(Xn/Sn7Ic[:i]ys)a 901)
being an object in Mod% ..

Our main theorem is to show that Hf:rys(Xn /Sp) together with these structures is indeed a Breuil module
when ei < p — 1.

7. TORSION COHOMOLOGY AND COMPARISON WITH ETALE COHOMOLOGY

In this section, we collect our previous preparations to understand the structures of torsion crystalline
cohomology and its relationship with étale cohomology via torsion prismatic cohomology. In the end, we show
that if ei < p — 1 then p"-th torsion crystalline cohomology H! . .(X,/Sy) has structure of torsion Breuil

’ crys
module to compare to H}, (X7, Z/p"Z) via Ts, where X5 is a geometric generic fiber of X.

7.1. Prismatic cohomology and (generalized) Kisin modules. Let (4, ) be any prism. As in the end
of for any n > 1, we define torsion prismatic cohomology RI' (X,,/A,) := RI' (X/A,0 /p"O )=
Rl (X/A) ®% Z/p"Z. We have RI' (X,,/Ay) =~ Rlqsyn(X, —/a/p") ~ Rlqsyn (X, _/a) @5 Z/p"Z.

Warning 7.1. We warn readers that the notation RI' (X,,/A,,) is misleading, as it might suggest that this

cohomology theory only depends on the mod p™ reduction of X which is not true. See [BMS18, Remark 2.4]
for a counterexample.

Proposition 7.2. Assume that (A,I) is transversal and ¢ : A — A is flat. Then H* (X,,/A,) has height i.

Proof. We follow the same idea of [BS19, Corollary 15.5] which proved that H? (X/A) has height i. Examining
the proof, it suffices to show that o* RI' (X,,/A4,) ~ Ln; Rl (X, /A;) when X = Spf(R) is an affine smooth
p-adic formal scheme over A/I. By Theorem 15.3 of loc. cit, we have ¢* RT' (X/A) ~ Ln; RI' (X/A). Since
p: A — Ais flat, it suffices to show that
(7.3) (L RT (X/A)) @5 Z/p"Z ~ Ly (RT (X/A) @% Z/p"Z) .
Now we may apply [Bhal8bl Lemma 5.16] to the above by ¢ = p™ and f = d. So we need to check that
H*(RI (X/A) ®% A/d) has no p"-torsion. This follows from the Hodge-Tate comparison
H'(RL (X/A) @ A/I) ~ Qg(/(A/I){Z.}'
U

Corollary 7.4. Forn € NU {oc}, the p-module H' (X,,/&,) is an object of Mod%’, i.e., a (generalized)
Kisin module of height i and Te(H* (X,,/S,,)) ~ H (X7, Z/p"Z).

Proof. 1t suffices to prove that Te(H' (X,,/S,)) ~ H. (X7, Z/p"Z). Write M, := H' (X,,/S,), X =
Spf Oc¢ Xsproy X. For n # oo, by [BS19, Theorem 1.8 (4) (5)], we have

1

(6, 2/0°2) = (HRD (/A3 ) = (0 8 Wa(OGL)™ = (9, 5 W (€))7

E(u)

which is just T (9M). The case of n = oo easily follows by taking inverse limits. O
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Remark 7.5. The G -action on Tg (M) discussed in naturally extends to a G g-action by isomor-
phism M @e Ajnr =~ H® (X /Ajng), which admits a natural G g-action that commutes with . In this way

Ts(H (X,,/6,)) ~ HL (X57,Z/p"Z) is an isomorphism of G k-actions.
Let X3 := X Xgps(o,) SP(K) be the closed fiber of X.

Lemma 7.6. If lengthyy ) Hi, o (X5/Wn(k)) = lengthy HE, (X5, Z/p"Z) then M, has no u-torsion for j =
ii+ 1.

Proof. We claim that RTI' (X,,/&,) ®g W (k) ~ Rl crys(Xi/W,(k)). To see this, first note that (&, E) —
(W(k),p) by mod u is a map of prisms. So [BS19, Theorem 1.8 (5)] proves that RI' (X/&) ®% W (k) ~
RI' (Xgx/W(k)). Then Theorem 1.8 (1) loc. cit. shows that RI' (X/&) ®% W (k) ~ Rl¢rys(Xy/W (k)). Then
the claim follows by ®%Z/p"Z on both sides.

The claim immediately shows that the exact sequence

(7.7) 0 — ML Jude, — HE (X5 /W (k) — M u] — 0

crys
So lengthyy .y ML, /ud;, < lengthyy ) H, o (Xi /Wi (K)). On the other hand, consider the exact sequence in
Lemma with 9t := 9L,
0 — M[u>] = M — M/M[u>] =0
Write O 1= 90/9M[u]. Since M has no u-torsion, the above exact sequence remaining exact by modulo u.
So we have lengthyy (OME Juget) < lengthyy () M /uM and equality holds only when 9[u>] = {0}. Since
T (M) = Te (M), and Te (M) ~ HL (X7, Z/p"Z) by Corollary Corollary [6.15| proves the following
inequalities
lengthy, H, (X5, Z/p" Z) = lengthyy, (i) (M /ud®) < lengthyy g,y (/ud).
Now combine with the exact sequence , we conclude that
lengthy, H, (X5, Z/p" Z) < lengthyy ) He, o (X5/ Wi (k)

crys

and equality holds only if all the above inequalities become equalities and 90U, and 94 have no u-torsions. [

7.2. Nygaard filtration and Breuil-Kisin filtration. By Corollary 7.4 9], := H’ (X,,/6,) is a Kisin

module of height i. Then p*9M} ~ Hgsyn(X , 9}6 ®% Z/p"Z) admits two filtrations: Breuil-Kisin filtration

defined in and Nygaard filtration HéSyn(X7 Filj (71}6 ®% Z/p"Z). The aim of this subsection is to
compare these two filtrations.
This theme can be put in more general setting for a bounded prism (A4, I). Recall that in [BS19, §15] the

authors studied _,4 and (_I}A = A@i,A —/a as sheaves on qSyny ;. Also constructed in loc. cit. is the

so-called Nygaard filtration Fil{\I (_I}A, also discussed For any n € NU {co}, set 511) = (_1}A ®% Z/p"7Z
and Filf-\I S) = Filfﬁ 9} " ®% Z/p"Z. Here and below, we adopt the convention that n = co means we do not

perform any base change.

Lemma 7.8. Let (A,I) be a bounded prism. Let X be a smooth (p-adic) formal scheme over Spf(A/I) of
relative dimension n. Then we have:
(1) The Nygaard filtration RI'(Xgsyn, FilY) on RT'(Xqsyn, (_I}A) is complete.
(2) The natural map
Fily @417 — Fil”
of quasisyntomic sheaves induces a morphism
H' (X ysym; Fily) @4 IV — HY(Xysyn, Fili7)
which is an isomorphism when either [ < i, and an injection when l =1+ 1. When i > n this map

induces an isomorphism

RT(Xqsyn, Filf) ®4 I/ = RT (Xqsyn, Filg ™).
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(3) The natural map
p: Fily » _ja®@al
induces a map on cohomology
H' (Xqsyn, Filk) = H' (Xqsyn, —/a) ®a I°
which is an isomorphism when | < i and injective when | =1+ 1.
Moreover their derived mod p™ counterparts hold true as well.

We thank Bhargav for pointing out the statement (3) above, which we did not realize can be proved so
easily. This significantly simplifies an earlier draft.

Proof. (1) follows from (2). Indeed, (2) implies the Nygaard filtration on RT'(X,syn, Filk) is simply the I-adic
filtration, hence it is complete.
(2) follows from the following exact triangle of quasisyntomic sheaves:

Filiy @41 — Filg™ = Filif " dR” 41y -
Observe that
RF(XqSyn, Fﬂ%{ dR/_\/(A/])) = RI(X, Fﬂ%—l dR/—\/(A/I))

lives in D=!(A/I), and vanishes when [ > n. An easy induction gives what we want.
As for (3): we look at the map of filtered complexes

RT(Xgsyn, Filly) = RO(Xqsyn, — /a4 ®a 1)

where the former is equipped with Nygaard filtration RI'(Xqgym, F ilf\f*) and the latter is equipped with [-adic
filtration RI'(Xqgyn, —/a ®a I"t*). Notice that both filtrations are complete. Now [BS19, Theorem 15.2.(2)]
implies that the cone of the (i 4 *)-th graded piece lives in D>(+*)(A/I). Hence we conclude that the cone of
¢ lives in D>%(A). Therefore the induced maps of degree at most i cohomology groups are isomorphisms, and
the induced map in degree i + 1 is injective.

Their derived mod p™ counterparts are proved in exactly the same way. O

Now let us return to the situation of Breuil Kisin prism A = &. Recall that (V) := 9}6 ®z Z/p"Z and

Fili, (=Fily ") @7 2/p"Z. Recall that M, = H' (X,,/&,) and recall that Breuil Kisin-filtration on
e M, = Hig, (X, ()Y is defined as the image of 1: 9L — ©*IME

Corollary 7.9. For any i € N and any n € NU {oo}, there is a functorial commutative diagram:

Pi

Hf:[Syn (X> Fﬂ;\l ’I(’Ll))

~. A

M,

n;,

with p; an isomorphism.

Proof. First let us justify the existence of the functorial commutative diagram. We may work with affine
formal schemes Y = Spf(R). In this case, by the proof of [BS19, Theorem 15.3 and Corollary 15.5], we see ¢
is constructed by the following (right-lower corner) diagram

TSI RDggyn (Y, Fily W)— - - - - - o o = = 75 Rlgsyn(Y, ) ® (E)

| |

Tgi RFqSyn(K (1)) — TSiLnE RFqSyn(K ) - Tgi RFqSyn(Yv )
\—/

)
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Here the top row is the same as (truncation by < ¢ of) the following morphism

RI'(Xgsyn, Filly) 2 RO(Xqsyn, — /a4 ®a 1)
appeared in Lemma Derived mod p™ gives the desired functorial commutative diagram. By Lemma [7.8
(3) we know that ¢; is an isomorphism. O
Remark 7.10. In the context of filtered derived infinity categories, a filtration is nothing but an arrow.
Hence one could define two “quasi—ﬁltrations’ one being the Breuil-Kisin quasi-filtration: 9t KN M

another being the i-th Nygaard quasi-filtration: Hig (X, Fily (DY 5 o*0i . Then the above is saying that

these two quasi-filtrations are canonically identified via ;.
Let us name the map

5 Mg (IR ) = Filly Mg, (X, ()

for any pair of natural numbers (i, j )q:Iylr(li any n € I\? U{oo}. We have the foTlowing knowledge of the image of
ty? when ¢ < j.
Corollary 7.11. Let ¢ < j. Then we have an identification
Im(e57) =2 Tm(p: M, — ™M) - BI°
In particular, define 53}7" = M, /[u>™] and m = *M! /[u>], we have an identification

(@7 Hig (X, Fill, ) 5 Fill 0*9) & {2 € o M|(1 ® ) (x) € E(u) M ).

qSyn n
Proof. The first statement follows from combining Lemma [7.8] (2) and Corollary The second statement
follows from the first statement and the fact that 9%, has height 1. O

Below we make some primitive investigations of what happens without assuming 7 < j.

Proposition 7.12. Let A =& be the Breuil-Kisin prism. For any triple (i,7,n), the kernel and cokernel of
b3 above are finite.

Proof. Note that the kernel and cokernel of (%7 are finitely generated modules over &/(p™). We have a
containment
BEwy - Ycry, W @
of sheaves on qSyn 4 s1- This shows that the map 153 admits a section up to multiplication by E(u)7, therefore
the kernel and cokernel of %7 are annihilated by E(u)?. If n € N, the kernel and cokernel of (%7 are finitely
generated modules over &/(p", E(u)?), hence finite.
If n = oo, denote the map by ¢*/, we make the following

Claim 7.13. The map ("7 : Hig (X, Fil)y [ /p] — Fill,, @*9[1/p] is an isomorphism.

qSyn

Granting this claim, the kernel and cokernel of 1*7 are finitely generated modules over &/(E(u)’) annihilated
by a power of p, hence finite. O
Proof of Claim[7.13 First let us show the injectivity, which is the same as injectivity of

Lo (XTI, [1/p] = Hig (X, P)[1/p].

qSyn qSyn
To this end, we use the filtration Fil*/ discussed in Section We claim a slightly stronger statement: the
maps
m aig (D 3,0 (1)
qSyn(X7 Fil )[1/10] —H (Xa Fil )[1/p]
are injective for all ¢ > 0. The case of ¢ > j is trivial due to Proposition (2). For the rest of 4, we perform
induction on descending ¢. By five Lemma and Proposition (3), it suffices to know that the maps

H™ (X, Filf; ' dRx/0,)[1/p] = H™(X,dRx/0,)[1/p]

m
qSyn

3This terminology is suggested by S. Mondal.
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are injective. This injectivity is equivalent to the degeneration of the Hodge-to-de Rham spectral sequence for
the rigid space X, which is a result due to Scholze [Sch13, Theorem 1.8].

Next we show surjectivity by induction on j, the case of j = 0 being trivial. All we need to show is that
the induced map

E(u)/om

E(u)i+ion
is injective. By the injectivity of t%3[1/p] proved in the previous paragraph, we can rewrite the left hand side
as Hig,, (X, griy ()[1/p]. Recall thafc 9)?’[1/3] is finite free over &[1/p] (see Lemma (3)), therefore the
right hand side can be rewritten as H’q (X, )[1/p]{j}, the j-th Breuil-Kisin twist of the i-th Hodge-Tate

qSyn
cohomology of X . By [BS19, Theorem 15.2], we can identify the left hand side further as the j-th conjugate

filtration of the right hand side. Now it follows from the degeneration of Hodge—Tate spectral sequence [BMSI8|
Theorem 13.3] that @ is always injective. (]

(1/p]

qSyn

Coker( L (XTI ) [1/p) = Hig (X, Fily <”)[1/p})i>

Below we exhibit an example illustrating the necessity of the ¢ < j assumption in Corollary

Example 7.14 (see [Li20, Section 4]). Let K be a ramified quadratic extension of Q, and let G be a lift
of o, over Ok. Denote the classifying stack of G by BG. Below we summarize previous study of various
cohomologies of BG as documented in [Li20} 4.6-4.10], following notation thereof.

(1) The Breuil-Kisin prismatic cohomology ring of BG is given by
H* (BG/6) = &[ul/(p- u)

where u has degree 2.
(2) The Hodge-Tate spectral sequence does not degenerate at Fo page, but does degenerate at E3 page,
giving rise to short exact sequences:

0 — H"Y(BG, N 'Lpgjo,) ~ F, = Hiip(BG/Ok) ~ Ok /(p) = H(BG, N'Lpg o, ) ~F, = 0

for all 7 > 0.
(3) The Hodge-to-de Rham spectral sequence does not degenerate at F; page, but does degenerate at Es
page, giving rise to short exact sequences:

0 — H¥*"Y(BG,Lpg/0,) ~F, = Hix (BG/Ok) ~ O /(p) = H*(BG,0pg) ~F, — 0
for all 7 > 0.
By |BS19, Theorem 15.2], we have the following commutative diagram:

@

Rl syn(BG/S, 1) Rl syn(BG/S, )

| |

Iilde(lg(;/(Q}() I{F(lg(;,cjlgg) 4‘4‘4>-I{I&fr(f3(;/cjp()

where ¢ is the Frobenius on prismatic cohomology, vertical maps are derived modulo E(u) reductions, the
two arrows on the bottom row are natural arrows appearing in Hodge-to-de Rham and Hodge—Tate spectral
sequences respectively. Looking at the degree 2 cohomology together with (2) and (3) above, we see that ¢ on
H? (BG/®) is given by, up to a unit in &/p, multiplication by u € &/p. Since ¢ is a map of E-algebras,
using (1) we see that ¢ on H* (BG/S) is given by, up to a unit in &/p, multiplication by u? = E(u) € &/p.
(BG/6, W)y =H (BG/&, W) is the whole cohomology group.

In particular, we see that Filgy HéSyn 4Syn

On the other hand, we claim that the map
Hig..(BG/6,Fil, My oy (BG/s, V)

qSyn qSyn

is not surjective. Indeed we have a long exact sequence coming from the exact triangle Filll\I W 5 O 0p¢
with the second arrow being the composition of derived modulo E(u) followed by projection modulo first
Hodge filtration. Hence (3) above shows that the cokernel is exactly of length 1. This shows that BG is a
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smooth proper stack counterexample for (,7,n) = (4,1, 00). Since all these cohomology groups are p-torsion,
we see that this also provides a stacky counterexample for (i,j,n) = (3,1,1).

Finally let us use an approximation of BG to get a smooth proper scheme counterexample. By [Li20,
Subsection 4.3] there is a smooth projective fourfold X over Ok together with a map f: X — BG such
that the induced pullback map of Hodge cohomology is injective when total degree is no larger than 4. By
functoriality of the formation of Breuil-Kisin filtrations, we know that

Im(f*:H4 BG/S, M) Hi,, (X/6, <”>)CFH%3KH (x/6, ).

4
qSyn qSyn qSyn

Lastly we claim that f*(a°) € Hlg,,(X/8, (1)) is not in the image of Hig . (X/6, Filk ). To see this it

suffices to compare the two exact sequences:

His, (BG/& Fily V) ——Hi (BG/6, V) ——=HL (BG,0pc)
| | |
Hig, (X/6,Fily V) ——Hi (X/6, V) ———=Hi (X, 0x)

and invoke the fact that f* is injective by our choice of X. This gives us smooth projective fourfold over O
violating the conclusion of Corollary for (i,7,n) = (4,1,00) or (i,7,n) = (3,1,1).

7.3. Torsion crystalline cohomology. Now we are ready to discuss the structure of HéryS(Xn /Sp) via

prismatic cohomology. First, we provide an application of the comparison RI' (X /6) ®g,, S = Rl ¢ys(X/5),
which concerns the module structure of the cohomology of the latter. We need some preparations.

Lemma 7.15. The rings S/p™ are coherent for all n € N.
We do not know if the ring S itself is coherent.

Proof. We make an induction on n. The starting case n = 1: since S is given by p-completely adjoin the
divided powers of the Eisenstein polynomial F(u) to &, we see that S/p is obtained by adjoining divided
powers of E(u) = u® to &/p = k[u]. It is well-known that the result is S/p = k[u]/uP® @y klu1,uz, ...]/(u})
where u; is the image of the p’-th divided powers of E(u). One checks this explicit algebra is coherent by
noting that any finitely generated ideal is generated by polynomials involving only finitely many variables.
Now we do the induction, which largely relies on [BMS18, Lemma 3.26]. Indeed the cited Lemma reduces
us to showing the ideal (p™)/(p"*!) in S/p"*1, when viewed as an S/p-module, is finitely presented. But in
fact S is p-torsion free, hence the ideal (p™)/(p"*!) is free when viewed as an S/p-module with generator

p". O
Lemma 7.16. Suppose that C*® is a prefect S, -complex. Then there exists an exact sequence of S-modules
0 ——H{(C*) ®¢ S — H(C* ®% S) — Tor{ (H*1(C*), ) — 0.

In particular S has Tor-amplitude 1 over & and the functor M — TorS (M, S) is left ezact.

Proof. For the first claim, see the argument before the proof of Theorem 5.4 in [CL19] and replace Ajp¢
(resp. Acrys) there by & (resp. S). The fact that S has Tor-amplitude 1 over & follows from the Auslander—
Buchsbaum formula and torsion-freeness of S. g

Proposition 7.17. Let M be a finitely generated Kisin module, then Torle(]W7 w«S) is a finitely presented S
module.

Proof. Denote N := M[u®] which is the maximal finite length &G-submodule inside M.

We first show Tor$ (N, ¢.S) — Tor{ (M, ¢..S) is an isomorphism. Since S has Tor-amplitude 1 over & by
Lemma it suffices to show the vanishing of Tor (M /N, ¢,S). Note that M/N is an étale Kisin module,
we have a sequence

0— (M/N)tor = M/N — (M/N)¢ — 0,
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where (M/N)ior is a successive extension of k[u] = &/p as M/N is étale, and (M /N )¢ is torsion-free. Next
observe that both these two structures are preserved under base change along the Frobenius on &. Therefore
it suffices to show Tory (—, S) = 0 whenever the inputting &-module is & /p or torsion-free. For the former
case, it follows from the fact that S has no p-torsion. For the latter, consider the reflexive hull M"YV of the
inputting module M’ C M’VV, which is finite free as & is a regular Noetherian of dimension 2. Finally the
desired vanishing of Tor® (M’, S) follows from the left exactness of Tor; against S over &: see Lemmah

It suffices to show Tor{’ (N’, S) is finitely presented for any finite length G-module, which is the content of
the next lemma. g

Lemma 7.18. Let N be a finite length &-module, then N ®g S and Torlg (N, S) are finitely presented
S-modules.

Proof. When N = k = &/(p,u), the statement for k @g S = S/(p,u) = (S/p)/u and Torf{ (k, S) = S/p|u]
follows from the fact that S/p is coherent (Lemma and [Sta20l Tag 05CW (3)].

Next we make an induction on the length of N. By considering N — N/(p,u) =~ k%", we have a short
exact sequence 0 -+ N’ — N — k — 0, which induces a long exact sequence:

0 — Tor$ (N', S) = Tor{ (N, S) — Tor{ (k,S) = N' ®¢ S = N @ S = k®g S — 0.

Induction hypotheses imply that all terms except of N ®g S and Tor{ (N, S) are finitely presented S-modules.
Note that the finite length assumption implies all modules are S/p™¥ -modules for some sufficiently large N. The
coherence of S/p" (Lemma [7.15) and [Sta20, Tag 05CW (3)] shows the boundary map Tor{ (k, S) = N’ ®@g S
has finitely presented kernel and cokernel. Now we use [Sta20l Tag 0519] to finish the proof. d

Proposition 7.19. Let X be a smooth proper p-adic formal scheme over Spf(Ok). The S/p™-module
HY, (X./Sn) is finitely presented, for any integer i and any n € NU {oo}.

Let us stress again that this already follows from [BS19l Theorem 5.2].

Proof. The case of finite n follows from Lemma the prismatic cohomology complex is a perfect complex,
hence the comparison [BS19, Theorem 5.2] or Theorem shows the crystalline cohomology complex is
also perfect over the coherent ring S/p™. Therefore all of its cohomology modules are finitely presented as
S/p"-modules.

Now we turn to the case n = co. By Lemma there is a short exact sequence:

0—H (X/6)®e,, S — H., (X/S) = Torf (HT(X/6), .S) — 0.

crys

Since prismatic cohomology complex is a perfect complex and the ring & is Noetherian, we know the
term H' (X¥/6) ®e,, S is finitely presented. Using [Sta20, Tag 0519] we are reduced to showing the term

Tor{ (HH (X /&), .8) is finitely presented. This in turn follows from Proposition and the fact that
Ht(X/6) is a Kisin module: see Corollary O

Now we turn to the main result of our paper, which concerns the Breuil-module structure of the crystalline
cohomology. Write MY, := H' (X,,/&,,) and M}, := H  (X,,/Sy).
Lemma 7.20. The following sequence

0 — M Jude, — M? /THS — TorS (MEHE 0,8)/ITS =0

18 ezact.
Proof. By derived mod p" version of Theorem we have S ®H9;’6 RT (X,,/6,) ~ Rlqys(Xn/Sn). So
Lemma yields an exact sequence
(7.21) 0—> S @, M, — M, —— Tor{ (M, . 8) —=0

as ¢ on G is finite flat.
We only need to show the above exact sequence remains left exact after modulo I7S. To see this, note that
Rl crys (X5 /Wi (k) ~ RI (X,/6,) @g W (k) ~ Rlerys(X,/Sn) @5 W (k), where in the last identification we


https://stacks.math.columbia.edu/tag/05CW
https://stacks.math.columbia.edu/tag/05CW
https://stacks.math.columbia.edu/tag/0519
https://stacks.math.columbia.edu/tag/0519
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use the fact that Frobenius on W (k) is an isomorphism. Using the exact sequence (7.7)), then we have the
following commutative diagram

S/ItS ®, e M, —— M /TTS —— Tory (M, ,5,) /ITS —=0

0 ———— M JuMl, ——— H (X /W, (k) ———— My ———— 0.

Since the left column is an isomorphism, we conclude that the top row is left exact as desired. O

Recall in Definition H:, . (X,,/Sy) is defined to be a Breuil module if the quadruple

crys
(Hf)rys(Xn/Sn)7 Hf:rys(Xn/S7H Ic[i]ys)7 Pis v)

constructed in is an object of Modg’zc’j. This condition is equivalent to the triple

(Hirya(X/ S0 Higyo (X /S0 THL ). 01

Pyt

being an object of Modg'y,,.

Theorem 7.22. Let n € N and assume i < p — 2. Then H (X,,/S,) has no u-torsion for j = i,i+ 1 if
and only if HL, (X, /Sy) is an Breuil module. When that happens we have M(H' (X,,/6,)) ~ Hi,  (X,/Sn)

crys

i i K
inside Modswmr.

Proof. Write 0, := H? (X,,/S,,). Suppose that it has no u-torsion for j = 4,i + 1. So M, is an étale Kisin
module of height ¢ by Proposition By the discussion of we know M = M(9N) is an object of
Modﬁ:éor. By derived mod p™ version of Theorem we have S ®Hs;76 RI' (X,,/6,) = Rl erys( Xy /Sn). So
Lemma [7.16] yields

) ) S i+1
. S n n n n n n)y Fxon .
(7.23) 0—>=S®ueH (X,/6,) —=Hi_ (X,/S,) — Tor® (H*(X,,/S,), $.Sn) —= 0

crys

Our assumption that 2" has no u-torsion gives an isomorphism ¢ : § ®ye H’ (X,,/6,) ~ Hi (X, /Sn).

Now we claim that ¢ induces a natural map ¢/ : Fil° M(90%) — HY, (X0 / Sn,I([fr]ys) and both the source and
target are natural submodules inside H, (X, /S,). In particular, the .* is an injection. To see this, we note
that ¢ is induced by natural map @*9M: — M? which we still denote by ¢. By Theorem we have the
following commutative diagram

B

i— 1 11 1 @ 4 1 1 i 1
HqS)lfn(X’f“ S}G/FHN (7)6) - qSyn(XmFllN (7}6) - HqSyn(Xm (7}6) -

| l |
High (X, dR” g / Filly dR” o) —2> Hig | (X, Filly dR? ) —— Hig (X, dRY ) — -

qSyn
with both rows being exact. By Theorem (4), the left column is an isomorphism. As 9t is assumed to
have no u-torsion, Corollary shows that 8 is an injection. Thus a and hence o’ are zero maps. So 3 is
an injection. Therefore, Theorem [4.1] gives the following commutative diagram

Filpy @I}, = "0,

i |

Hi, (X0/Sn, TH )= HI_(X,/Sn).

crys crys
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Since 1 : M(M) = M? = H!,,.(X,/S,) is an isomorphism and Fil' M(90%) is the S-submodule of M?
generated by the image of Fil’ o*M, and Fil' S - M? | we see Fil' M(M) HiryS(Xn/Sn,Ig]ys) via ¢. This
shows ¢ induces an injection ¢ : Fil* M(9) — Hérys(Xn/Sn,IC[ir]ys).

Next we claim that ¢’ is an isomorphism. After faithfully flat base changing along S,, — Acrys,n = Acrys /D",
we are now working with & := Xo,. Now we need some some facts about the sheaf Z,(h) on Xysyn defined
in [BMS19, §7.4]. First according to [BMS19, Theorem 10.1], we have Z/p"Z(h) ~ 7<"Rap. (Z/p"Z(h)) where
¥ : (Xc)es — Xt is the natural map of étale sites. By [AMMN20, Theorem F]|, when h < p — 2, we have

Zp(h) ~ fib(py — 1 : Filiy dR" ), — dR" ;).
Now Proposition [5.4] implies
Zp(h) ~fib(p, — 1 : FiljdRY o — dR" ).

Since fib commutes with derived mod p", we may apply ®%Z/p"Z to this equation. Finally by Theorem
we get the following exact sequence for i < h < p—2:

(7.24) o HI (X /Acrysin) — Hiy(Xe, Z/p"Z(h)) — Hiyo (X /Acrys i, ZHL) ol i (Xn/Acrys.n)

crys crys crys

By Equation (7.24) and Proposition we obtain the following commutative diagram:
00— Ts(M(M,)) —— Acrys @5 Fil' M(M,) —— Acrys @5 M(D,) —0

) -

crys crys

with both rows being exact. Since 1 ® /7 is an injection, we see that the map « is also injective. Then o must
be an isomorphism because Ts(M (M) ~ Te (M) (i) ~ HL, (Xc,Z/p"Z)(i) due to Proposition and
[BS19, Theorem 1.8.(4)]. Therefore s is also injective. Now by the snake lemma, we see that coker(l ® ¢) =0
as required.

Conversely, assume that M, := H., (X, /S,) is an object in Modg’for with Fil' M}, = Hf;rys(Xn/Sn,I([fr]ys).
As before, we consider the base change X := X, and we still have a commutative diagram

TS(M;) Acrys ®S Flll M% Acrys ®S M;, ——0

& : ie

Hét (X07 Z/an) (Z) *S> Hl (Xn/Acrstm Ig]yb) — Hi (Xn/Acrys,n) .

crys crys

0

The difference here is that the middle column is now an isomorphism, whereas the first column « is not known
to be an isomorphism.
First it is easy to see that « is an injection by chasing the diagram. Now by Corollary [6.15] we have an
inequality . 4 4
lengthw(k)(/\/l;/l'*‘S) = length, (Ts(M},)) < length, (H (Xc,Z/p"Z)).

On the other hand, by the proof of Lemma [7.6] and Lemma we see that

lengthy (Hg, (Xe, Z/p"Z)) < lengthyy ) (90, /ud;,) < lengthyy ) (M, /TTS).
Combining the above two inequalities, we see

length,, (Hi, (Xc, Z/p"Z)) = lengthyy (1 (O Judnt ) = lengthw(k)(M;/IJrS)‘

Now the proof of Lemma implies that 9! has no u-torsion. By the length equality, the injection
ML Judni < ME /IS in Lemma is in fact an isomorphism. and hence Tor{ (9! ,S)/ITS = 0. Tt
is easy to see that Tor? (Mi+L 0, S) is a finitely generated S module, applying Nakayama’s lemma yields
TorS (Mi+! ©,) = 0. Therefore M1 has no u-torsion by the following claim.

Claim: If 9 is a p"-torsion &-module and Tor? (M, ¢, S) = 0 then M has no u-torsion. To prove this, we
first note that Tor{ (—, ¢.S) is an left exact functor by Lemma Secondly note that 91 has no u-torsion
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if and only if it has no (u,p)-torsion. Let 9 C M be the submodule of (u,p)-torsions in M. The above
discussion implies that Tor{ (9, ¢.S) = 0. Now by definition, we have 9 22 Gk as an G-module, where A
is an indexing set. One computes directly that

TorS? (M, ..5) = @ Tors (6/(p, u), .5) = @ Torg (&/(p,u?), §) = @ ker(S/p = S/p).
Since ker(S/p SN S/p) is nonzero (uP¢ = 0 in S/p), the above computation implies A = (J, as claimed. O

Corollary 7.25. Ifei < p— 1 then B (X,,/6,) has no u-torsion for j =i,i+ 1, and H., (X, /S,) is a

crys
Breuil module.
Proof. By Lemma and Proposition ﬂ we know that H' (X,,/&,) has no u-torsion. To show that
H*'(X,,/6,,) has no u-torsion, we first consider the case that n = 1. The main theorem of [Car08] shows that
H{,,s(X1/51) is a Breuil module when n =1 and ei < p — 1. Then Theorem shows that H™ (X, /6,)
has no u-torsion. ‘

Let us prove by induction that 9! := H'T!(X,,/&,,) has no u-torsion. We use the long exact sequence
relating various M+ .= H'T(X,,/6,,):

R R R R AN

By induction, we may assume that 9", has no u-torsion. It suffices to prove that 9t /f(M?_,) has no
u-torsion. To that end, write 0 := f(9?_,) which has height i, D := 9™ which has height i + 1 and
L= smi“ /M. By construction we have the following exact sequence

0-m-Lm Lo
Let MM’ = g~ 1(£[u>]). Then we obtain two exact sequences
0—N—M — Lu>] —0and 0 — M — M — £/L[u>] — 0.

The second sequence has all terms being étale Kisin modules. Since 9t has height ¢ + 1, we conclude that
both 9’ and £/£[u°] has height ¢ + 1. Since both 91 and 9" are étale and hence finite free over k[u]. This

allows us to choose a basis e1,...,eq of 9 and a basis €,..., €/, of M’ so that (e1,...,eq) = (€],...,€,)A,

where A = diag(u® ..., u%) a diagonal matrix with ©® on the main diagonal such that a1 < as <--- < aq.

Let A and A’ be the matrices of Frobenius for the corresponding basis. We easily see that following relation
AA = Ap(N).

Hence the last column of A’¢(A) is divisible by uP*¢. Consequently, the last column of A is divisible by u(®~1aa,
But M has height i, which means there exists a matrix B with entries in k[u] so that AB = BA = u®'l,.
But this is impossible as ei < p — 1, unless ag = 0. This forces that A = I; and hence a posteriori £ has no
u-torsion as desired. O

Remark 7.26. Let T be the largest integer satisfying T -e < p — 1, and let n € N. It is a result of Min
[Min20, Lemma 5.1] that H® (X/&) has no u-torsion when 0 < i < T + 1. By a similar argument, one can

also show that H® (X,,/&,,) has no u-torsion for 0 < < T. The slight improvement along this direction in
Corollary is the statement that H? 7!(X,,/6,,) is also u-torsion free. This would imply Min’s result. As

far as we can tell, Min’s strategy does not give u-torsion freeness of HX 71(X,,/&,,).

Proposition 7.27. Leti <p—2 be an iﬂteger. Suppose that Hérys(Xn/Sn,ZC[ir]ys) = H (X0 /Sy) = M, is
injective, and denote its image as Fil' M. Assume furthermore that M?, together with
(Fil' Mé, = H_(X,,/Sn, T ), 03, V)

crys Ty “crys

is an object of Modg,’z(’:. Then Ts(M?) ~ Hi (X5, Z/p"Z)(i) as Gk -representations.
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Proof. Theorem [7.22] together with Proposition [6.12] have already shown the following isomorphisms
Ts(Hlpye (X /Sn)) & T (H' (X,/6))(0) = Hiy (Xe7, Z/p" Z) ).

crys
The main point here is to check these two isomorphisms ¢1, 12 here are compatible with G g-actions. Let
X = X(f)c.

First we have Aj,r ®g I, ~ H (X,,/Aint.n) which admits natural Gx-action. Since Ay is a perfect prism,
[BS19, Theorem 1.8.(4)| proves that Te (M%) = (H* (X, /Aint,n))?~" ~ H,, (X7, Z/p"Z) is compatible with
Gk-action, as explained in Remark [7.5] This concludes that ¢ is compatible with G k-actions.

Now Theorem [3.11] shows that the comparison isomorphism

r:H (Xn/Ainf,n) @ At Acrys Hirys(Xn/Acrys,n)

is functorial. So 7 is compatible with natural G g-actions on the both sides. Also 7 is compatible with the
isomorphism ¢ : M(9M?) ~ H: _(X,,/S,). Applying Remark here then concludes that

crys

L1 Ts(Hi (Xn/Sn))ZTG(HZ (Xn/gn))(l)

crys

is compatible with G g-actions if we define the G g-action on Hirys(Xn /Sn) ®s Acrys via the identification
Heyys (X0 /Sn) @5 Acrys = Hepys (X /Acrys n)- Recall the G g-action on He,y (X0 /Sn) ®5 Acrys is defined via
Formula , and we have showed in that these two G k-actions are the same. This proves that ¢; is
also compatible with G g-actions. g

In the end of this subsection, we explain how our results are related to Fontaine-Messing theory in [FM87]
(see also [Kat87]|) for a proper smooth formal scheme X over W (k). For any n > 1, the scheme X, is smooth
proper over Spec(W,,(k)). Sowhen 0 < j < i < p—1, the triple M* := (Hf:rys(Xn/Wn(k:)),Hf;rys(Xn/Wn(k),Ig]ys), ©;)
is known to be a Fontaine-Laffaille data.

Now let i < p — 2 and one wants to show that Te.ys(M*) ~ Hi (X7, Z/p"Z)(i). We recall the construction
of Terys(M?) in the following: write Fily M := ngyS(Xn/Wn(k),I£{]ys) and let

Fil' (Aerys ®w (i) M*) = > Fil Acrys @iy FII'™ M' C Aeyys @y (i) M.
j=0

Then one can define ; : Fﬂi(AC,ryS Qw (k) Mi) — Acrys Qw (k) M by ¢; := > ojlri Acrys ® Cijlriti—i ari-
j=0

NoW Terys(M?) = (Fil*(Acrys ® M?)) %=1,
Let M' := Hf:rys(Xn/Sn) which is an object of Modg”ég by Corollary It is clear that the base
change map ¢ : S @) M? — M is an isomorphism as W (k) — S is flat. Define Fil*(S QW (k) M?) =

Fil/ S @w ) Fil'™7 M* C S @ x) M*. Since Fil/ M? is direct summand of Fil/~" M?, the natural map
=0

J
Fil’ (S Qwky M*) — Hf:rys(Xn/Sn,Iyr]ys) induced by ¢ is injective. Therefore, we obtain the following
commutative diagram

) . ) i—1 :
0 > Torys (M?) —— Fil'(Acrys @ (k) M?) 2> Acrys @y M°

lz
p;i—1

0 —— Ts(M?) —— Fil*(Aerys @5 M?) ———> Acrys @5 M.

It is well-known from Fontaine-Laffaille theory that lengthy, Terys(M?) = lengthyy () M ¢, By Corollary [6.15
we know lengthy(Ts(M?)) = lengthyy ;) (M’/ITS) = lengthyy ) M*. Therefore, the left column must be
bijective. By Proposition it remains to check that the isomorphism Tpys(M*) — Ts(M?) is compatible
with G g-actions. Since the G g-action on Ts(M?) is the G g-action on Acrys @3 M via , it suffices to
show that M? C (M*)V=2 which follows from Proposition (1).
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Corollary 7.28. Fontaine-Messing theory in [EM8T| and [Kat87] accommodates X being proper smooth
formal scheme over W (k).

8. SOME CALCULATIONS ON T
8.1. Identification on ([6.20) and (6.19). In this section, we show that (6.20) and (6.19) are the same.

n . .
Lemma 8.1. If we write N" = > A; n,u'V" then A;jpy1 = Ai—in +iAin and Ay = App =1

=1

Proof. An easy induction on n by N = uV. g
Recall that 7;(¢) denote the i-divided power of ¢.

Lemma 8.2. EnZi A nyn () = 7i((eb = 1)).

Proof. 1t suffices to show that Taylor’s expansion as functions of ¢ on both sides are equal. This is clear to
see that the coefficients of ¢", which is first nonzero term, coincide on the both sides. If we write v;(e* — 1) =
Y n>i Binyn(t) then it suffices to show that B, ,, satisfies the recursive formula: B; 11 = Bi_1, +iB;, for

n > i. Note that
1< (i ,
t I _1\i—m _ mt
~i(e —1)_i!<g (m)( 1) e )

m=0

Therefore, B; ,, < > (i)(—l)i_mm") So to check that B;_1 , + iB; , = B; n+1 is equivalent to check

that Z m=o " | |
(& (Lo X () 5 ()
This follows that i () — (1)) = ()m. -

Now by the above Lemmas,
Y N (@)ynllogle(0)) = Y V™ (@)u" 3 (€814 —1) = 3 V™ @)y (u(e(o) = 1) = Y V™ (@)ya(o(w) —u).
n=0 n=0 n=0 n=0
This proves that (6.20)) and (6.19) are the same.

8.2. Ts and Ty .. In this subsection, we explain our functor Ts and functor Ty , used in [Car08] are the
same. For this purpose, we have to review period ring Ag from [Car(08]. Let Ay, = Acrys(X) be the p-adic

~

completion of PD algebra of A.ys. We extend Frobenius ¢ and filtration of A.ys to Ag as follows: Let
o(X)=(1+X)»—1 and

o
Fil' Ay = ¢ > a;7;(X),a; € Fil™ 7% 4 lim a; — 0 p — adically
j:O J—00

It is easy to see that we can define ¢, : Fil" Xst — Est similar to that of Ac.ys. To extend G g-action to gst,
for any g € G, recall that £(g) = % € Ajnt defined before (6.20). Set g(X) =£(g9)X +£(g) — 1. Finally
define an Agys-linear monodromy by set N(X) = —(1 + X). We embed S inside Ay via u — [7](1+ X)L
At this point, we have two embeddings S — A\St: 1118 = Agrys C gst via u — [r] € Aipr and 12 : S — A\St
via u — [7](1 + X)~'. We will use both embeddings in the following. Notice that there is an Acys-linear
projection ¢ : Ay — Acrys by sending v;(X) — 0. It is easy to check that ¢ is compatible with filtration,
Frobenius, G i-actions, and both embeddings ¢; : S < A\St. Set 8 :=log(l+ X) € //l\st.

Remark 8.3. Breuil-Caruso’s theory set N(1 + X) =1+ X. Our setting is different by —1 sign to fit our
setting V(u) = 1. There is no difference for these two different settings up to changing some signs.
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Given a Breuil module M € Modﬁ:ﬁ;h, we extends filtration, ¢, monodromy and G i-actions to gst ®4y,5M
as follows
Fil" Ay ®,,. 5 M = Ay ®,, 5 Fil" M+ Fil" 4, ®,, ¢ M.
For a @ m € Ay @1y.5 Fil" M, set @p(a ® m) = ¢(a) @ @n(m), and for a @ m € Fil" Ay ®ip5 M, set
on(a®@m) = pp(a) ® pn(E"m). Tt is easy to check these ¢j, are compatible with intersection so that ¢y,
extends to Ast @1y, M. We extend Gg-action from Ast to Ast ®1,,5 M by acting on M-trivially, and
N(a®m) = N(a)®m+a® N(m),Va € Ay, m € M. Now set

TSt(M) = (Fﬂh(A\st ®L2,S M))(ph:LN:O.

Proposition 8.4. There is an isomorphism Tg(M) ~ Ty (M) as G -representations.

Proof. For m € M C Ag ®iy.8 M, set m¥ =3 Ni(m)v;(8) and MY = {mV|m € M} C Ag ®y,5 M. To
i=0
understand the map o : M — MYV, consider the following diagram induced by ¢ : Ay — Acrys:

7Ny
/ :

Acrys Ks M.

Where o : MY — g(M) = M is induced by q. By definition of «, it is easy to show that a and o is
bijective. Also « is an isomorphism of S-modules in the sense of a(i2(s)m) = t1(s)a(m) for s € S and m € M.
Using that N satisfies Griffiths transversality and diagram together with facts that 3 € Fil* Ay and
»(B) = pfB, a similar argument in Lemma (by replacing a with ) show that for any m € Fil" M we
have m¥ € Fil"(Ay ®,,.¢ M) and ¢, (mY) = (¢n(m))Y. In summary, a : M — MV is an isomorphism in
Modg’th and injections M ~ MY C Ebt ®.,,5 M are compatible with with filtrations and .

Now consider the natural map Ac,ryS ®s MV € Ast ®.,,s M induced by inclusion j : MY C Ast ®.y,5 M
which is still denoted by j. Since goj is an 1somorphlsm (as Aerys ®5 (g 0 @) is an isomorphism), we conclude
that Acrys ®35 MY is an Acrys-submodule of Ast ®,,,5 M which is compatible with filtration and ¢j,.

Using that N(B) = —1, we easily see that MV C (Ast ®g M)N=0. In particular, we have an injection
5 t Acrys @5 MY — (A\St ®.,.5 M)N=0 compatible with filtration and ;. Therefore 3 induces an injection

Ts(M) = (Fil" (Aerys @5 M) =1 2 (Fil" (Agrys @5 MY))#0=1 C (Fil" (Ay @,,.5 M))PP=EN=0 = T (M),
To see this this injection is an isomorphism, we can dévissage to the case that M is killed by p because
both Ts and Ty . are exact functors ([Car08, Corollary 2.3.10]). In this case, it also well-known that
dimp, Ty« = rankg, M = dimp, Ts(M). This establish the isomorphism T's(M) ~ Ty .(M). Finally, we
check this isomorphism is compatible with G i-actions. Note that Ts(M) has G k-action via , while Tg .
has G k-action from that on gst ®,,,8 M with trivial Gg-action on M. We have to show that Acys ®s MY
has G k-action as the subspace of A\St ®,,,5 M is the same as that defined as . But this easily follows

from the formula that mY = ;iONi(m)%(ﬂ) and g(5) = log(e(g)) + 5. O
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